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\% v s
Xr , Yr , Zr spacecraft reference coordinates (control)
XC , Yc , ZC CMG constant coordinates (¢ = 1, 2, 3, 4)
Xn , Yn , Zn CMG null coordinates (n =1, 2, 3, 4)
CMG control moment gyro
DG double gimbal
SG single gimbal
RCS reaction control system
t time



DEFINITION OF SYMBOLS (Continued)

Symbol Definition
T torque
w angular rate
1 inertia
H momentum
a, CMG gimbal angle (¢ =1, 2, 3, 4)
h CMG momentum (¢ =1, 2, 3, 4)
c
kc CMG torque axis (c =1, 2, 3, 4)
B CMG skew angle
T commanded torque
c
v angle between commanded and CMG torque vectors
Acn transformation from CMG null to constant coordinates
Anr transtormation from reference to CMG null coordinates
Gcr transformation from reference to CMG constant coordinates
C cosine
S sine
C CMG torque matrix (Cij elements)
K constants { subscripts for identification)
A CMG torque matrix with the ith column deleted



ghu

DEFINITION OF SYMBOLS (Concluded)
Definition
gimbal solution corresponding to Ai

augmented inverse of Ai

determinate of a matrix

gyro hang-up

X1






TECHNICAL MEMORANDUM X- 64727

A COMPARISON OF CMG STEERING LAWS FOR HIGH ENERGY
ASTRONOMY OBSERVATORIES (HEAOs)

SECTION [. INTRODUCTION

During the past year and one-half, the Preliminary Design Office,
Program Development at Marshall Space Flight Center (MSFC) has conducted
rather extensive Phase A studies of spacecraft designed to detect and observe
high energy radiation sources. These spacecraft have been designated as high
energy astronomy observatories (HEAOs). Missions A and B are supposed
to scan the entire celestial sphere over an extended time period and, then,
point to selected radiation sources [1]., Mission C has been aesignated only to
point to selected targets. All HEAO configurations utilize solar panels to
receive power and, hence, must be solar oriented within certain power and
thermal constraints. HEAO-C, however, has more demanding pointing specifi-
cations than HEAO-A or -B. Due to the limitations of fuel weight and inherent
limitations in pointing performance of an all thruster reaction control system
(RCS), control moment gyros (CMGs) have been baselined for HEAO-C.,

An RCS will be used for momentum management of the CMGs, but clectro-
magnets offer more growth potential and allow continuous CMG momentum
dump without interrupting vehicle pointing (Appendix A). This report contains
a description of the CMG system which has been sclected during preliminary
studies for HEAO. More specifically, the orientation of the CMGs relative

to the HEAO reference axes have been selected to provide a near spherical
momentum envelope with all CMGs operational and also provide complete
vehicle control, even with one CMG failed.

Four single gimbal (SG) CMGs arc arranged in a skewed configuration
about the sun pointing vehicle axis. To provide effective vehicle control
torques, the CMGs must be gimbaled in response to an attitude error signal,
As will be shown, the gimbal commands are not necessarily unique but depend
upon the assumptions made to obtain a solution to the CMG torque equations,
Whatever the solution, it is referred to as the CMG "'steering law,'" Several
condidate steering laws are derived and evaluated according to their effective-
ness in producing the control torque required by the attitude error signal,



The candidate steering laws are the constant gain, MSFC maximum
contribution, pseudo inverse, Bendix three gimbal inverse, General Electric
(G. E,) transpose with torque feedback, and the Teledyne Brown Engineering
Company (BECO) H-distribution. Each steering law was utilized in conjunc-
tion with the Euler equations for HEAO (Appendix B) with the four skewed
SG CMGs in a digital simulation (Appendix C) to obtain the corresponding
vehicle pointing performance. Each steering law was then evaluated on the
basis of complexity in implementation, accuracy of pointing performance,
avoidance of mathematical singularities, possible CMG gimbal angle positions
which prevent the desired torque from being produced (gyro hang-up), adap-
tion to a CMG failure, and performance after a failure. Based on accumulated
study results, the pseudo inverse CMG steering law is recommended for
HEAO.,

SECTION Il. CMG CONFIGURATION SELECTION

A. Introduction to CMG Control

The path of an orbiting vehicle is predetermined by its orbital param-
eters, essentially that of a free-falling ballistic trajectory in its orbit. The
basic objective of the spacecraft attitude control system is not to change its
orbital path but to maintain a prescribed attitude (orientation) as a function
of time relative to inertial space irrespective of the flight path. The principle
of conservation of angular momentum led to the "momentum exchange" idea,
whereby in the absence of externally applied torques, if one part of a closed
system increased its momentum hy a specified amount, the remainder of the
system lost an equal amount of momentum. An example is a flywheel sup-
ported by a frame hard-mounted to the spacecraft with a momentum given by

Ifwi_: Hf , (1)

where If is the flywheel inertia, Wf is the wheel angular velocity, and H

is the flywheel momentum. By decreasing the flywheel speed, a torque is
generated about the flywheel spin axis which counter rotates the spacecraft,
The angular momentum stored in the flywheel decreases in proportion to the
change in flywheel velocity while the spacecraft momentum, HV , increases,

f



Since the flywheel support frame is hard-mounted to the spacecraft, the torque
applied to the spacecraft is given by

T=--S-_1W . (2)

After the flywheel momentum has been decreased by a prescribed amount,
AWf , the total momentum of the flywheel and spacecraft must remain

constant assuming that no external torques act on the spacecraft. The change
in spacecraft velocity, AWV , due to an arbitrary change in flywheel momen-

tum is
AW = -—u" (3)

where IV is the vehicle moment of inertia about the axis aligned with the fly-

wheel spin vector,

Consider a constant-speed flywheel that is mounted on a gimbal rela-
tive to the spacecraft. By rotating about the gimbal axis, the spin axis of the
flywheel and the direction of its momentum are changed relative to the vehicle.
Although the flywheel momentum remains constant, a gimbal rate ¢ produces
the torque

T = -(.Exﬁf) ‘ (4)

which is perpendicular to both the gimbal axis and flywheel momentum vector.

After the flywheel momentum has been rotated by a prescribed simall
amount, Ag , the corresponding change in the spacecraft velocity required
to conserve angular momentum can be approximated by

Ao If \Vf
AW ~ - ———— . (5)
v



In the first example, the flywheel momentum value was varied,
whereas, in the second example the orientation of the flywheel momentum
vector relative to the vehicle was varied to obtain a torque. For either case,
the vehicle is reoriented relative to inertial space so that momentum is con-
served assuming no external disturbances. The first method is called reaction
wheel control, while the second is called gyro control, Generally, the gyro
rotor has constant speed of rotation and is referred to as a control moment
gyro. If only one gimbal is used to reorient the momentum, the CMG is
referred to as a SG CMG, whereas, if two gimbals are used, the CMG is
referred to as a double gimbal (DG) CMG. Since the vehicle requires three
degrees of freedom to maintain a prescribed orientation relative to inertial
space, the attitude control system must have actuators that provide effective
control terque about three independent axcs. Hence, 2 momentum exchange
system must provide at least three degrees of freedom for control purposes.
Conceivably, one variable speed reaction wheel mounted on two gimbals could
provide three-axis control for the spacecraft. If SG CMGs are utilized for
momentum exchange, then at least three units are required for three-axis
spacecraft control. In addition, the three units must be mounted relative to
each other such that threc independent degrees of freedom are obtained,

B. Single Gimbal CMG

The characteristics of a SG CMG are illustrated in Figure 1, The
flywheel turns at a constant speed producing momentum directed along the
Yc—axis. The flywhecl momentum is rotated in the YC-ZC plane by gimbaling

about the Xc—axis, thereby producing a torque along the Zc-axis. The torque

produced obeys the vector cross product law, equation (4). Therefore, at any
instant of time, the torque produced must be perpendicular to both the gimbal
axis and the momentum axis. For example, assume that it is desired to
generate a vehicle torque which lies in the XC—YC plane. Then the desired

torque cannot be generated by the SG CMG shown. For any desired torque,
only the projection of that torque onto the Zc-axis can be generated, From

this simplified example, it is apparent that at least three SG CMGs must be
utilized to obtain cffective threc-axis vehicle control. Moreover, the three

CMG torque axes, Zc(c =1, 2, 3), must span a three-dimensional vector

space. When the torque axes of a SG CMG system are coplanar, a control
torque perpendicular to that plane cannot be produced. Such a condition is
referred to as gyro hang-up (ghu).



X.:GIMBAL AX!S (VEHICLE FIXED)

a=a.c

c
TORQUE AXIS

— = -— .
hczathc=ahkc

YcI MOMENTUM AXIS
he = 1Wde
Figure 1. Single gimbal CMG,
The first general problem area is the selection of a momentum exchange
system that is appropriately sized to counteract the environmental disturbance

torques and, in addition, satisty all specified vehicle maneuvering require-
ments.

The selected system must provide the following:

e Sufficient reliability/redundancy over the mission duration.
e Sufficient torque to counteract disturbances.

e Adequate momentum storage.

e Adequate maneuver rates.



e Spacecraft stability.
e Desired response characteristics,
e Adequate degrees of freedom.,

As general design criteria, the CMGs should provide enough momentum
to counteract all environmental disturbances over a one-orbit period before
desaturation is required. In addition to cyclic disturbances, gravity gradient
torque almost always produces a secular momentum component which even-
tually saturates the CMGs. That is, the CMG system produces all the
momentum it can in a given direction until no more can be produced. The
mounting of the CMGs relative to the vehicle reference axes determines the
shape of the maximum momentum envelope within which the CMG system can
provide momentum, In general, the momentum envelope is shaped propor-
tional to the vehicle moment of inertia values, especially for an inertially
oriented spacecraft that does not maneuver very often. However, when the
spacecraft is reoriented, stored CMG momentum is transferred from one
axis to another. Therefore, the momentum envelope should be spherical for
spacecraft such as HEAO-C where many maneuvers are made, or for HEAO-A
where the spacecraft spins to scan the celestial sphere. Moreover, the CMG
mounting arrangement must permit the CMG torque vectors to span a three-
dimensional space to obtain the degrees of freedom required to control the
spacecraft., When four SG CMGs are used, as dictated by reliability consid-
erations for example, the most independency between CMGs [ 2] can be
obtained by arranging the CMGs symmetrically about a vehicle axis as shown
in Figure 2, The four SG CMGs are shown 3t a zero momentum state (null
position) and the CMG gimbal axes subtend an angle 38 (skew angle) relative
to the body reference axis Xr . The skew angle can be used to shape the

momentum envelope. The mounting arrangement shown in Figure 2 is
referred to as four skewed CMGs and has been recommended for use on the
HEAO spacecraft [ 3].

Based on previous study results [4, 5], CMGs offer several advantages
over reaction wheels especially from a power and weight viewpoint. More-
over, based on hardware availability [ 6, 7], there are several SG CMGs that
are sized appropriately for the HEAO-C spacecraft, from both a torque and
momentum viewpoint, For these reasons, SG CMGs have been baselined for
HEAO-C. To provide continued operation capability when one CMG fails, at
least four CMGs must be utilized. However, more than four may be dictated
by reliability considerations to achieve the required two-year lifetime. The
CMG system selected by Bendix for the HEAO-A [ 6] scems to satisfy the
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® SKEWED 53.1 DEG = j

Figure 2, CMG mounting arrangement relative to HEAO
reference axes,

HEAO-C requirements and, for commonality between the HEAO-A and -C
spacecrafts, it has been baselined as the HEAO-C momentum exchange system,
Figure 3 illustrates the CMG arrangement relative to vehicle reference axes.,
Each CMG momentum vector is restricted to a plane that is skewed relative

to the vehicle Yr-Zr plane by the angle $ ;the four planes form a pyramid
whose apex is aligned with the vehicle Xr_ axis; and each gimbal axis, X ,

is perpendicular to its associated plane as shown. The configuration is
symmetrically skewed about the Xr vehicle axis so that none of the gimbal
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axes are parallel and none are parallel to a vehicle axis., As a result, each
CMG can contribute momentum along each axis of the vehicle. If one CMG
fails, the remaining three CMGs provide the three degrees of freedom
required for attitude control,

Once the CMG configuration has been selected, the second general
problem area is closure of the attitude control loop through the momentum
exchange system by gimbaling the CMGs in response to the attitude error
signals. The logic and error signals which are used to drive the CMG gimbals
are defined as the CMG steering law. The steering law must be selected such
that the CMG torque produced closely approximates the desired vehicle control
torque that is needed to maintain the vehicle's specified orientation. The first
task that must be done prior to deriving a CMG steering law is to relate the
CMG momentum and torque to the vehicle control axis. The momentum of
each CMG must be projected into body control axes and summed to obtain the
total CMG system momentum. In carrying out the required operations, several
coordinate systems must be defined.

C. CMG Reference Systems

For any single gimbaled CMG, a coordinate system in which the CMG
momentum is always constant along one axis (Fig. 4) is defined as follows:

iC unit vector along the gimbal axis Xc
jc unit vector along the momentum axis YC
kc unit vector along the torque axis Zc

The CMG coordinate system moves as the gimbal is varied with
respect to the spacecraft body axis. Therefore, the momentum is always
aligned with the Yc—a.xis and the gimbal rate vector with the Xc—axis. The

torque produced by the cth CMG obeys the vector cross product law and always
is aligned with the Zc—axis. In the CMG constant momentum system, the

gimbal rate ac , Mmomentum hC , and the torque flc can be written in

vector form as follows:

(6] = o 3

) (6)
c c ¢



h =h j , (7)

and

h =axh =& h (L xj)=oa h k . (8)
C C c ¢ [} (6] c Cc ¢

A second CMG system is defined by setting the CMG gimbal angle to
zero or to a position which nulls out the total momentum of all CMGs., Such
a reference, illustrated in Figure 5 by Xn , Yn’ Zn’ is defined as the CMG

null coordinate system. When the gimbal angle is zero, the CMG null system
is identical to the CMG constant momentum system, The CMG null system is
related to the constant momentum system by the rotation « about the gimbal
axis which is constant in either system. The subscript n denotes the null
coordinate system for a particular CMG. The vector matrix form the trans-
formation between the two systems is written as:

, (9)

Z,=TORQUE AXIS

- , - Y
-
he e -
el -
Yc MOMENTUM a,
AXIS
Yn
Xc = GIMBAL AXIS
Figure 4. CMG coordinate system. Figure 5, CMG null coordinate.

10



where

X X [ 0 0
C n
X =/x , X =/)Y \, anaa -] o Ca  Sa
C (] n n cn C C
Z Z 0 -Sa Ca
C n L C C J

The manner in which the two CMG reference systems have been defined
permits the matrix ACn to hold for any single-degree-of-freedom CMG.

However, the mounting of each CMG is unique.

Each CMG has its own null coordinate system uniquely defined relative
to the spacecraft body axis by its mounting arrangement. For each CMG, a
matrix transformation Anr must be derived to relate the spacecraft reference

axis to the CMG null coordinates. The relation may be written as

X =a X , (10)
n nr r

where the subscript r denotes the body axis reference frame. The relation
between body and CMG constant momentum systems is obtained by

X =A X =@ A)Y ¢ ¥

(11)
c cn n cn nr T r cr r ’

where
[ ¢ ¢ c
211 g12 813
c c
G - ga1 S22 g23

cr

11



The elements of Gcr are obtained by matrix multiplication of ACn and An

r
and must be derived for each CMG, The letter ¢ would take on the number
assigned to a specific CMG. Since the transformations in this case are
orthogonal, the inverse is identical to the transpose, which is denoted by an
asterisk superscript; hence,

X =G X . t12)

r cr ¢

Use of transformation (11) yields the following equations for the cth CMG
gimbal rate, momentum, and torque in body axes:

= ' c c c

_ - .
@, =a, (g1 i, T B12j. * 813 kr) , (13)
- c c (
ho- , .
c hc (ga1i, * g2, * B3 k) ) (14)

and

= _° c . c . c

h,=a_ h, (gar i, + g5, + g3z k) . (15)
The equations for total momentum and torque from m CMGs is obtained by
summing the vector components:

— m —

H(CMG) =N h = h i +h j +h k (16)

— C X r yr Z T
c=1

and

_.- m ._ . . *

H(CMG) =N h =h i +h j +h k_ . (17)

EETH X'r yr zZ r

12



Due to environmental forces acting on an orbiting spacecraft, the CMG
momentum vectors will deviate considerably from their null positions. For
most orbits in which the spacecraft is inertially oriented, momentum tends to
accumulate in some direction due to biased environmental forces. Under these
conditions the CMG momentum becomes concentrated in this direction until no
further momentum can be obtained from the CMG system. This condition is
referred to as CMG saturation., To desaturate the CMGs, a torque must be
applied to the vehicle such that the CMGs are driven back either to their null
position or some bhias level by trying to counteract the applied torque.

D. Four-Skewed CMG Configuration

To develop a CMG steering law, the transformations, equation (11) ,
must be derived for each CMG which relates its torque and momentum to
spacecraft reference axes. The four-skewed CMG configuration, baselined
for HEAO-C, is illustrated in Figure 3. Each CMG is shown at its null posi-
tion and the geometry between the CMG null and spacecratt reterence coordi-
nates is illustrated. At the null position the momentum of CMG number 1 and
number 3, as well as that of CMG number 2 and number 4, cancel. The
transformations are carried out by first rotating negatively about each Yn

axis by the angle 8 which aligns the transformed Xn' axis with Xr reference
axis. The next rotation is about the once transformed Xn' = Xr axis until

the coordinates are aligned as follows: 0 about X', 270 degrees about (o',
180 degrees about Xj', and 90 degrees about X,'. The results are sum-
marized as follows in the form of equation (10) tor each CMG.,

[ Cs 0 _s;‘;-
71 = 0 1 0 XAir , n=1 (18)
SB 0 C/BJ
Cs  sp 0
X,= |0 o 1 §r , n=2 (19)
Si3 -CH it
L J

13
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0

CB

reference and CMG constant momentum coordinates is

[

X, =3 (20)
r
X, » n=4 (21)
As given by equation (9), the transformation between spacecraft
X 1) n-= 1: 2, 3! 4 (22)

It
o

Cu

S«
c

Sa

Ca

Equation (11) is obtained by substituting equations (18), (19), (20), and (21)
into equation (22) and carrying out the matrix multiplications with ¢=n.

For four-skewed CMGs, the transformations between body and CMG
constant momentum axes are summarized below.

CMG Number 1

14

cB

SBSa 4

SBCay

0 =-S5
Cay CBSG (23)
-Say CACa




CMG Number 2

- -
CB Sis 0
Ko = G2r Xr ’ G2r = | SBSapy  -CBSa,  Ca, (24)
| ShCay,  -C3Ca,  -Sa, ]
CMG Number 3
., 7
Cp 0 Sis
}\3 = G3r XI‘ ) GSr = SBSQB —CQB —C/J)SCLS (25)
L SBCaj;  Say —CCay ]
CMG Number 4
Cp =S 0
X, = G, X, G4r = | S$8Sa, CBSa, -Ca, (26)
SBCay  CuCuay Sy ]

Utilizing body to CMG transformations, the momentum for each CMG
can be written in body coordinates lequation (14)] as

h1 = hijl = h1 (SIBSQII +Co~'1j +CBSO¢'11{)
T r r
hy = hyj, = hy (SBSc, ir - CBSay, it Cay, kr)

_ \/ ) (27)
. h S S s e
3 ( BSQ3 lr Ca3 JI’ CBSQS 1\1’)

=
5%
il
=
w
—
o
|

h‘1 = h4j4 - h4 (SBSO.’4 lr + C,BSQ4 Jr - CC{4 l{r)
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The total CMG momentwn is the vector sum of all CMG momentum
vectors lequation (16)]; thus,

4
H =C§1 HC = hoivhogoh ko (28)
where
hX = 88 (hy Saq + hy Sy + hy Say + hy Say) ,
hy = hyCay - hy Cay + CB (hy Say - hy Say)
and
h, = hy Cay -~ hy Cay+ CB (hy Sey - hy Sarg)

As previously stated, the CMG momentum in reference coordinates will be
used as the basis for momentum management to prevent CMG saturation and
to make the CMGs operate about their null positions., The components of
equation (28) are zero when the gimbal angles are zero., However, there
are other combinations of gimbal angles which also produce a null momentum
condition,

Using equations (23) through (26), the individual CMG torques
[equations (8) and (15)] are obtained in reference coordinates as follows:

hy = a¢;hy (SfCxyi - Swyj + oy, k
1 1hy (SB 11 1, ChCay, k )

hy = ayhy BBCayi - CBCayj - Sayk )

hy = aghy (SBCazi +Sayj - CACayk ) (29)

hy, = a,h; (S8Cex,i + CBCa,j + Sa,k
4 ahy ( a1, B 4l 41r)
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The total CMG torque, equation (17), is obtained by summing the contribu-
tions from each CMG:

. 4 . . . .
_— v —_— .
= = + + h Kk , :
H /, hC hX L. hy i z 5o (30)
c-1
where
X
hy “TG@ihySay - @y hy CF Cay+aghySay +aghy CBCG,
and
hz - Gyhy CACay - ayhy Say - ayhy CBCGy + ¢y hy Suy
Equation (30) can be arranged in the vector matrix form
h i hy S3Cay h, SACay hy S5C hy 83C, ] R 1
hy -~ —h1 SCLI —112 C,D)C(12 hS SOS 111 C,)‘(_‘((4 .Ul
. (1’3
[_ b ] | by CBCay -hy Say -hg C3Ca, hy sa, .
».O‘l ]
(31)

In compacted notation, equation (31) is written as

.
~

iocd (32)

17



where C is a 3 by 4 matrix denoted as the CMG torque matrix and H and
& are column vectors. Notice that the columns of C are vectors directed
along each CMG torque axis, Zc . Since there are four torque vectors, the

columns are linearly dependent. In the foregoing sections, the momentum
and torque potentials for the baseline four-skewed CMG configuration have
been developed relative to the spacecraft reference axes. The next steps

are to select a skew angle and to examine several candidate steering laws.

E. Skew Angle and Momentum Capacity

The foregoing equations have been derived without selecting a specific
value for the CMG skew angle S8 , which has been assumed to be equal for all
CMGs. Several factors enter into the selection of 8 : (1) momentum capac-
ity per axis and total momentum envelope, (2) control torque capability
around the null position, (3) alignment of each gimbal axis to provide the
independent degrees of freedom required for three-axis control. When one
CMG has failed, the remaining three CMGs must be able to control the vehicle
without degrading performance, With this in mind, a skew angle of 45 degrees
would provide the greatest angular distance between gimbal rate vectors and
between reference and gimbal axes. The CMG system would, therefore,
provide the best operational capability with one CMG out. If the skew angle
were 90 degrees, control torques could be attained about each reference axis
but the Xr axis would have twice the momentum storage capacity as the other

two axes. Moreover, with one CMG out, severe cross coupling would result
on the Xr axis by trying to command only a Yr or Zr torque, For

example, if h; were out, with 8 equal 90 degrees, only CMG Number 3
could produce a Yr axis torque, but that torgque could not be produced with-

out also torquing the Xr and Zr axes.

The skew angle could be selected to give equal torque capability per
axis near the CMG null position. By setting the gimbal rates to some pre-
determined upper limit (depending on the CMG torque motor characteristics)
and setting the sign to give maximum torque per axis, equation (31) at the
null position reduces to the following equations:

h (max) = 4h SB «

X 1
h (max) = 2h C8 « .

y (max \ (33)
h (max) = 2h CB «

z ) 1
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Equating maximum torque components produces
tan () = 0.5 : (34)

A skew angle of 26.6 degrees, therefore, provides equal torque per axis
capability near the CMG null position. However, the momentum envelope is
not symmetric and, as the gimbal angles vary, the torque capability per axis
does not stay equal. Since the gimbal angles may become rather large it
momentum is dumped infrequently, equal torque per axis at the CMG null
does not appear to be a good criterion for selecting the skew angle.

A more logical approach is to select the skew angle so that the CMG
momentum envelope is spherical, that is, equal momentum capacity per axis.
By setting the gimbal angles to values which produce maximum momentum per
reference axis, equation (28) reduces to the tollowing equations:

hX (max) = 4h Sp

I

hy (max) 2h (1 + Cf) . (35)

2h (1 + CP)

i

ma
hZ (max)
Equating maximum momentum components produces

283 = 1+ Cs . (36)

By squaring each side and eliminating S8 by trigonometric identity, the
following quadratic equation is obtained:

5C%8+2CB-3=0 - (37)

The solution of equation (37) gives a skew angle of 180 or 53.1 degrees.
However, 180 degrees is a false solution since the Xr axis momentum would

be zero. Table 1 gives the maximum mementum capability per axis for several
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TABLE 1. MAXIMUM MOMENTUM CAPABILITY FOR
FOUR-SKEWED CMGs (ft-1b-sec)

5 0 dey 4 28, 1 deg 245 deg i aas 1 deg 5 90 deg
h’/
CMG h h h h h h h h h h h h h h h
N Y 7 . y Z N y A N v V4 N N z
25 ] 1) 17 4 71 X5 =0 S 100 S0
50 0 200 94 1ss 141 171 110 161 200 100
100 ] 400y 188 076 284 G665 20 2 400 200
250 1) 1000 d740 940 TO7 S04 =04 SH) 1000 St
D00 ] 200010 Syt 1s50 1414 1707 {e00 1600 2001) 1000
- PN S SO - ———— PN SO _,__,' R T

skew angles and CMG momentum values. With a skew angle of 53.1 degrees
and a unit CMG momentum of 250 ft-lb-sec, each axis has a CMG momentum
potential of 800 ft-lb-sec for control purposes, A skew angle of 28,1 degrees
gives twice as much momentum on the Yr and Zr axes as on the Xr axis,

whereas 45 degrees gives 150 fi-lb-sec less on the Xr axis as compared to

the transverse axis. Based on the foregoing analysis, a skew angle of either
45 or 53.1 degrees is recommended for HEAO-C.

An analog computer program has been developed! to determine the
maximum momentum surtace that a particular set of four single-degree-of-
freedom, skewed CMGs can generate. The CMGs are mounted so that their
momentum vectors always lie in the planes of the faces of a pyramid, as
shown in Figure 3, As each CMG is gimbaled, its momentum vector will
rotate in the plane. No gimbal position or rate limits are placed on the CMGs,
and it is assumed that they have equal momentum. The angle of inclination
of the faces of the pyramid (3) may be varied from 0 to 90 degrees.

There is always some total momentum vector H which is the vector
sum of the individual CMG momentum vectors, If the four CMGs were caused
to rotate in a random tashion, the locus of the tip of the total momentum vector

1, W. J. Weiler, PD-DO-ES, MSFC, contributed the material on CMG
momentum envelopes.
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would describe a solid. The boundary of this solid is the desired maximum
momentum surface, or momentum envelope., This envelope is a function of
the physical system and is independent of the control law used to command
the CMGs. However, a control law is a necessary part of the scheme used
to generate plots of the momentum envelope with the maximum contribution
steering law presently being utilized. The accuracy of this control law
determines the conformance of the representation to the actual envelope.

The program commands a total momentum vector of greater magnitude
than the system can produce. This commanded vector remains fixed in length
and follows a prescribed pattern in direction. It begins pointing up the
+ X-axis. It then increments through a fixed angle in the Xr-Yr plane toward

the Yr-axis and then revolves about the Xr-axis. It continues incrementing
and rotating until it reaches the —Xr—axis. The control law causes the indi-

vidual CMGs to rotate making the total actual momentum vector follow the
commanded total momentum vector. The rectangular components of the
actual total momentum vector are plotted by an X-Y plotter to obtain various
views of the locus of its tip. Ideally, the actual vector would follow the com-
manded vector exactly in direction, and would maintain the greatest length
possible in every direction. Actually, due to sensitivity points and singularity
points of the control law, thcre is some deviation in parallelism of the actual
vector to that commanded in some regions, especially when the commanded
vector becomes nearly parallel with one of the CMG gimbal axes. In this
case the other CMGs must provide all the momentum in that direction and
also cancel out the CMG whose momentum is perpendicular to that direction.

One or more CMGs may be failed by setting its momentum to zero.
No modification to the control law is required when the CMGs are failed.
Figures 6 and 7 show profiles of the momentum envelopes for 8 = 53.1
degrees with all CMGs operational and with one CMG failed. The figures are
scaled in terms of normalized momentum where one major graph division
represents one H, the momentum of one CMG. Much distortion of the
surface is observed when a CMG is failed. The white areas centered about
the gimbal axis should be interpreted as depressions in the surface, not as
holes extending through the solid. The absence of contours in the regions
is mainly due to deviation of the actual vector from the commanded because of
control law sensitivity points. Depressions do exist there and have been
verified by digital computer simulations.
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Four-skeweua CMG maximum momentum envelope,



£ =53.1 deg

CMG NO. 4 FAILED

1 NORMALIZED
H=1LARGE DIVISION

Figure 7. Maximum momentum envelope with CMG number 4 failed,

When the vchicle is rotated, as in a normal 90 degree maneuver,
momentum is interchanged between vehicle axes. Simulations indicate that
environmental torques cause CMG momentum to accumulate in a hias direction.
These torques depend upon orbital and attitude hold conditions, By the proper
maneuver, the accumulated momentum can be transferred to any other axis,
Since HEAO has to maneuver often, the phenomenon of momentum transfer
by maneuvering makes a near-spherical CMG momentum profile highly desir-
able. A skew angle 3 of 53.1 degrees will produce the near-spherical
momentum envelope shown in Figure 6; therefore, it has been recommended
for HEAO. There are slight indentures at cach CMG gimbal axis hecause a
CMG cannot contribute any momentum along its gimbal axes. At the inden-
tures, [H! is about 675 ft-lb_sec for 4-250 ft_lh_sec CMGs. With one CMG
failed, [H/| at the indenture is about 368 ft-1b-sec for three 250 ft-lh-scc
CMGs. It should be noted that doubling the {H| per CMG would also double
the size of the momentum envelope,



SECTION 111. CMG STEERING LAWS

A. Introduction

When the CMG gimbal angles are moved, a corresponding change
occurs in the momentum relative to the body axes. By definition, torque is
the time rate of change of angular momentum. Therefore, the spacecraft is
acted upon by a torque when the CMG gimbal angles are changing. In general,
a spacecraft control law is derived as a linear combination of sensor outputs
such as rate gyros, sun sensors, star trackers, etc., which have been
weighted by a constant gain on each output. The gains are selected to give
the desired vehicle response and stability characteristics. Ideal control
would be obtained if the torque called for by the vehicle control law could be
produced by the CMGs. The control law is typically derived with respect to
the spacecraft reference axes and may be written in the following general
vector form:

T =T i +T
c

i +T k .
c CX I I (38)

y cz r

The basic objective is the derivation of a CMG gimbal control law providing

some approximation of the torque specified by the spacecraft control law,
The standard approach is to equate the total change in CMG angular

momentum H |, equation (32), to the desired torque Tc . The vector com-

ponents are equated with a negative sign and arranged in the following vector
matrix form:

T [ ay ]

cx

@y
3xn

T = :

cy Matrix ) : (39)
T o’

u CZ _J | ] | n |
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The 3 by n matrix must be inverted to obtain a general solution for the CMG
gimbal rate commands., Several problems are obvious: (1) With four or
more CMGs, the linear system is underdetermined, meaning that when the
equations are consistent there is an infinite number of solutions (there are
only three equations but n unknowns); (2) For some gimbal angles, the
system is known to be inconsistent and not all sets of gimbal angles producing
inconsistency have been determined (for some gimbal angle combinations no
solution exists); (3) These considerations and the algebra involved make a
general solution almost impossible without resorting to a digital computer,

A second approach is to restrict the range of the CMG gimbals and
assume small deviations from the CMG null positions, In such a casc, small
angle approximations are used, sin o -« and cos ¢ - 1, and the equations
are linearized. The gimbal rates are solved so that cross coupling between
axes is eliminated. The resultant solution, however, is valid only for small
CMG angular excursions from the null positions. At tiis point in the CMG
control system design, each individual designer will have or devise his own
method for selecting a CMG steering law. Several candidate steering laws
were derived and compared on the basis of their effectiveness in producing
the desired actuator response as well as their complexity in implementing
each scheme. Each steering law was derived for the four-skewed CMG mo-
mentum exchange system which has been baselined for HEAO-C.

For the lour-skewed CMG conliguration there are three equations
(components of the CMG torque vector) and four unknowns {(four CMG gimbal
rates). To obtain an exact solution, a constraint equation or relation hetween
the unknowns is needed. For each constraint or assumption that is made, a
solution will be obtained for the gimbal rates. Whatever the solution, it is
referred to as the CMG stecring law. The following are several canaiuate
steering laws that were considered:

1. Constant gain,

2. Maximum contribution,

3. Psuedo inverse.

4. The Bendix summation of three-gimbal inverses.

5. The BECO momentum vector distribution.

6. The G, E, transpose with torque feedback.



Because of the large quantity of data, simulation results for each steering law
are included in Appendix C, including magnetic momentum management for
the CMGs.

B. A Constant Gain

A constant gain steering law can be derived by assuming that each CMG
will operate about its null position and that torque must be generated about any
vehicle axis. The CMG torque in body axes is equated to the desired control
torque to obtain the following variation of equation (39):

_Tcyzh(_&isai_dzcﬁ Cay+ aj Swz+ &y CB Cuy) . (40)
T = h(ay CB Cay - &y Suy - a3 CB Cay+ by Say)

Assuming small gimbal angles, Ca'i =1 and Sai = 0, equations (40)

reduce to
-T = hSB(&y+ o+ ot &
cx [3((11 2+ 03 O(4)
-T = hCh(Gy - a,) . (41)
cy
-T = hC/f(c.ri - ('.ya)
cz

For either torque or momentum capability, CMGs number 2 and number 4
dominate the Y-axis, and CMGs number 1 and number 3 dominate the Z-axis.
Any CMG can be used to produce torque on the X-axis, Since there are four
unknowns in the gimbal rates but only three equations, the solution tor gimbal
rates as a function of desired control torques is not unique, Some criterion
or constraint between the gimbal angles is needed tor a unique solution,
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Assume that only X-axis torque is wanted and that it must be produced without
introducing torque on the transverse axis. By setting Ga3= Gy and &, = &, ,
both the Y and Z torque components are zero and, by setting ivz = Zri ,

the X-axis torque attains a maximum value of

-T =4 hSpa, . (42)
CcX

Solving equation (42) for the gimbal rates produces

T
P cxX .
xi 4 hSp

2,3, 4 , (43)

3

where the subscript x represents the X-axis solution.

Similarily, the Y- a.ms torque 1s maumued and the transverse torques
are zeroed by setting «, = -a1 and &;=a,=0. The Y-axis torque com-
ponent is

-T = hCBI(2 &y) . (44)
cy

The corresponding gimbal rate solutions are

.‘ :.‘ = . (. :_. :r 2 3 ( 5
ayl ay3 0 Lyz Qy4 fcy/ hCpH . 45)

The Z-axis torque is maximized by setting ay3= -«; and a,=aG,;=0.
Using these values, both the X and Y torque components are zero and

-T =hCBI(2 ) . (46)
cz
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The gimbal rate solutions are

¢« =-a _=-T /2hCPB
Cz

z1 73

U= 0,y=0

The constant gain steering law is obtained by summing up equations (43),

(45), and (47) as follows:

&, =0 +a +a =-T /4hSB-T /2hCpB
cX Ccz

¢ .=a +a +& .=-T /4ahSB+ T /2 hCHB
(¢):¢ cy

&¢_ =& +0 _+& _=-T /4hSB+ T /2hCpB
Y CcX cZ

& =& +& +a =_T /4hSB-T /2hCpB
z CcX cy

By detining constants

1

KA‘ T 4 hS8pB
1

Kg=- 2 hCB

equations (48) can be written as

G, =K T T
1 Acx+KB CcZz

Gy= K T, -KgT

A X B cy
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(.Y3 o= K ‘1‘ — K T

50)
(Cont'd)
vy = I\A TC o+ K 1

Equations (50) illustrate the constant gain CMG steering law that was lirst
used in the HEAO-C CMG performance simulation studies. At a later date,
the maximum contribution steering law was derived, which reduces to the
same constant gain steering law by assuming small gimbal angles and
linearizing, For a skew angle of 53,1 degrees and 250 (t-1b-sec CMGs. the
gain constants are

IA = -0,00125047

K = -0.00333111
B

The constant gain steering law is most simple to implement and could
easily be simulated on an analog computer. However. it is valid only for
small gimbal angles. In the digital simulations. excellent performance was
obtained if the gimbal angles were less than =45 degrees. For many casces,
satisfactory performance was obtained with gimbal angles up to =80 degrees.
Control was lost if the angles exceeded £90 degrees. With continuous momen-
tum. dump using magnetic coils, for example, the gimbal angles stay small and
the constant gain steering law meets all HEAO-C requirements., However,
with periodic momentum dump using RCS thrusters. less than half the avail-
able momentum can be used belore the gimbal angles exceed their linear
operating range. IFor the baseline HEAO-C configuration with four 250 [t-1b-
sec CMGs, momentum would have to be dumped each one-halt orbit under
worst-case environmental torque conditions, As an alternative, a more
general type constant gain steering law with periodic gain sw 1Lchmo could be
defined to permit better utilization of the total momentum capacity, The latter
approach was not pursued during this study.

With one CMG failed, the CMG null position must be redefined and a
constant gain steering law derived which is valid about the new null position,
The dump trequency would have to be increased to about four times per orhit.
assuming worst-case environmental ettects, Hence, for each CMG failure.
a contingency steering law must ve aefined wita a new CMG null position,



With continuous momentum dump with electromagnets, any CMG can be failed
and a new null automatically found without reprogramming. However, vehicle
maneuverability is restricted by the linear operating range of the steering
law. So even with continuous momentum dunlp, the constant gain steering
law should be redefined for each failure mode,

Assume that CMG number 3 has failed. With the failed CMG eliminated
the momentum becomes

H

hxz hSB(Say+ Say,+ Say)
hy: h(Cai—CﬁSa2+ CﬁSOz4) . (52)
hZ = h(CBSw + Cu, - Cay)

One new null position can be found by setting «;= 0 and solving for «, and
oy . With o= 0 the X-axis equation gives a3 = -4, which also produces
zero in the Z-axis. The Y-axis momentum set to zero gives

0= h(1-CBSay+ CBSwuy) . (53)
With «,= -«a4, equation (56) reduces to
Say= — (54)
27 2CB '

With B = 53.1 degrees, the solution for a new null position is

oy = 0deg

Gy = 56,4 deg ) (55)

ay= -56,4 deg
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The CMG torque potential with CMG number 3 out is [equation (40) with
Say;=0, Cay=1, Cay= Cay= 0.5534, Say= 0.8329, and Say= -0.8329]

h =-T = hSB(&;+ 0.5534 ¢, 0.55340,)
X CX

h = -T = hCB(0.5534) ((ry - ay) . (56)
y cy

h = -T =h(CBdy - 0.8329 G, - 0.8329 ()
Z Ccz

Since there are three equations and three unknowns, an exact solution can be
found, assuming the equations are consistent, In vector malrix form, equa-
tions (56) become

1 0. 5534 0.5534 Gy -1, /hsp
0 -1 1 (o - -T /0.5534 hCp
cy
CB  -0.8329  -0.8329 Gy -T_ /b
(57)
The determinant of the matrix, A , for 5= 53.1 degrees is
A= 200,8329+ 0.5534 CB) = 22,3306 . (58)

Since the determinant is not zero, a solution is found by using Cramer’'s rulc.
With h= 250 ft-lb-sec, the constant gain steering law is given by the following
equations:

G- -0,003576 T - 0.0019 T
CcX CZ

—_

C.Yz: -0.001289 T + 0,006027T = 0.001716 T ‘ . (59)
cX cy c

Gy~ -0.001289 T  — 0.00602 T -+ 0,001716 T
CcX cy cZ
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Substituting the steering law, equation (59), into the CMG torque equations,
equations (56), the CMG torque per unit command torque is

hx/Tcx =1

h /T =1 ) (60)
y ey

hz/Tcz =1

Thus, with hy = 0, the gain through the CMG system on any axis is unity,
and the steering law solution is verified, A similar procedure would be
required to obtain a solution for any other CMG out.

C. The MSFC Maximum Contribution

A second and somewhat novel approach is to command each CMG
separately based on its ability to contribute to the desired control torque.
The criteria are to consider each CMG independently and to command its
gimbal rate so that as much as possible of the desired control torque is
produced. If no part of the control torque can be produced, the gimbal posi-
tion is not moved. Since each CMG can produce a torque only about its torque
axis as defined by kc , the desired control torque Tc will be projected into

the CMG constant momentum coordinates and used to command the gimbal rate.
Using the transformation Gcr , the desired torque, as defined by the control

law, in CMG coordinates is as follows:

E‘c - tcx ic: ¥ 1:cy jc ’ tcz kc ’ (61)
where

b = g1t T~ g T v Bt5 T, )

tcy g2t T - a2 Tcy * gy T., ,
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and

Previously, the torque produced by the c¢th CMG was detined as

&« h | .
hc ¢ e e (62)
By equating elements of I and —TC , the CMG gimbal rate command is
c
obtained as
N c c c
G -t h -8y T 4w T 0o T ‘h o, "
e cr' e (Oul ox | P32 cy 525 ez ) e (63)

By defining the angle between Tc and k as y. the vector scalar product
: ¢

is
= ¢ C ¢
T K = v T + o T + v T o .- . ;.
e c 531 ox &30 ey gag 1 o fu -, : (64)
therefore,
& - _T (Y /h . (65)
c c c

Note that equation (64) is the projection ot the

desired control Ltorque on the
k axis, That portion of TC
C

which is perpendicular to tae CMG torque axis
is given by

1
Jn, - - 2}2‘ (.)
T 8 = T_(1-c2y) 66,
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and cannot be obtained by gimbaling the cth CMG at any time. Since TCCy

contains basically magnitude information without polarity, the expanded scalar
product form should be used for the CMG gimbal commands. Each CMG is
commanded individually, regardless of its angular position, based on its
ability to contribute to the desired torque vector. For a specified CMG system
configuration, however, the transformation between body and CMG coordinates
must be derived and evaluated at each time step,

If the components of Gcr from equations (23) through (26) are sub-

stituted into equation (63), with ¢ =1, 2, 3, 4, the following equations are
obtained for the gimbal rate commands for four-skewed CMGs:

ay = - (SECw, T - ‘ /
1 (SBCu ox Sa1T0y+CBCQ1Tcz)/ hy
Qz = - (%CQz T - C,BCQZ T - SO.‘Q T ) hr)
cx cy cz -
. . (67)
Go = _ Ca., T / - ¢ J
3 (S3Cay ox T Say Tcy CBCa, TCZ) /hy

1

(84 - (0% 3 !
4 (SBC 4 TCX + CBCCk4 Tcy + SC&4 TCZ) / h4

Assuming equal momentum per CMG, the steering law can be arranged in the
following vector matrix form:

3=ATc/h . (68)

As previously shown by equation (32), the CMG torque with equal momentum
per CMG is

.
~

H=hco . (69)

By comparing the elements of A and C, the matrix A equals the negative
transpose of C ; that is,

A = -Cx (70)

34



Hence, the CMG steering law shown in equation (67) is equivalent to a trans-
pose type steering law, The important characteristics of this type steering
law are no mathematical (computation or algorithmic) singularities, no
matrices to invert, and easy implementation of the equations for the CMG
gimbal rates. Its undesirable characteristic is that the control system gain
through the CMGs is not constant. Control authority about each vchicle axis
varies as the gimbal angles are moved from their null position since at cach
instant of time, each CMG is maximizing its contribution to the desired
control torque.

Assuming small gimbal angles, the CMG torque per vehicle axis,
equation (30), reduces to the following cquations:

h‘ - h SP (g + @y + g+ Gy)
hy = h CB (~ty+ Gy) v (71)

.

= B (ay - sl
hZ h CB (aq - ay)

Substitution of equations (67) into equations (71) results inthe following
equations:

X ex )

h _2CH T \ (72)
y cy /

h 208 T
Z CcZ

To obtain unit gain through the CMG system with the CMGs at their null
position, ecither the desired torque components, TC , or the steering law

must be normalized by dividing by the appropriate sine and cosine function of
the skew angle. If one chooses to normalize the steering law, those terms
with TCX are divided by 48% and those terms with TCV or TCZ are

divided by 2C?%3 . The maximum contribution stcering law ensues from the
normalization of equations (67) as follows:

o
WL



@y = (-Cay/4h SB) T + (Say/2hC¥) T - (Ca,;/2h CB) T
cX cy cz

Q
|

- 3 2
( Ca2/4h SB} TCX + (Caz/Zh C,B) Tcy - (Saz /2h C B) TCZ

a3 = (-Cay/4h $B) T . - (Sag/2h C%) Tcy + (Cay/2h CB) T, ( (78

éé4 = (-Ca4/4h SB) TCX - (COZ4/2h CB} Tcy - (Sa4//2h CZB) TCZ

Once specified, the skew angle is constant, By making the following defini-
tions,

Ka = -1/4h SB
= -1/2h CB

“b ’ (74)
K =K

L

the maximum contribution steering law can be written as follows:

ay = K ay T - o

! ac1 cx KcSiTcyﬁnKbcolecz
a, = K T - - '

2 a CCYZ ox Kb CCYZ Tcy Kc SQZ TCZ
) Ca. T S y (75)
Qg = Ka Qg CX+KC g TCy-KbCoz3 Tcz
0y =

=K Ca, T + o +
a 4 “ex KbC 4Tcy KCS()Z4TCZ

The maximum contribution CMG steering law has been used extensively in the
HEAO-C simulations with four-skewed CMGs. Very satisfactory pointing
performance was obtained in the cases simulated. Although there are no
computational singularities in the maximum contribution steering law, there
are gimbal positions for which a component of the desired torque cannot be
produced. This condition for the maximum contribution law is ghu. For
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example, assuming CMG saturation in the X-axis direction with all gimbal
angles at 90 degrees, no torque can be produced in the X-axis direction,
hX =0 . Concurrently, the desired torque component TCX cannot drive the

CMG gimbals through the stcering law; the coefficients of TCX in equation

(75) are zero. In general, however, ghu conditions are dependent on the
CMG system configuration and are not nccessarily associated with the ability
to command through the steering law. Consider the ghu condition a; = 90
degrees, «, =0 degrees, 4= -90 degreces, and «a = 0 degrees. The Z-axis
CMG torque, flz , is zero but the CMGs are not saturated., Also the Z-axis

command T cannot be fed through the steering law. The implication is
cz

that for the transpose type steering law, ghu conditions also correspond to
gimbal positions which prevent a commanded torque component from driving
the CMG gimbal angle rates.

D. The Pseudo Inverse

By equating the desired control torque, Tc , [equation (38)] to the

CMG torque, H, [equation (30)] the vector-matrix equation, cquation (32),
becomes

T =H = C(he) ' (76)

where C has been normalized by factoring out h=h, i=1, 2, 3, 4. The
i

matrix C is a 3 by 4 whose inverse must be obtained to solve the gimbal
angular rates as functions of the desired control torque. However, since
there are four unknowns but only three equations, a general solution, if one
exists, is not unique. One, therefore, must resort to a pseudo inverse,

Reference 8 gives the general conditions and theory for finding a
pseudo inverse solution, one form of which can be given by

F = C# (CCx)1

/\
-1
N

—
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provided that the matrix C is of rank three or, what is the same, that the
instantaneous torque vectors are not coplanar, The steering law then becomes

(ha':) = -Cx(CCc¥) ' T = _pT | (78)
C C

where superscript asterisk represents the transpose of a matrix and minus
one represents the general inverse of a matrix. For the baseline CMG con-
figuration, the elements of C have been defined by equation (31) which must
also be normalized by factoring out h = hi » 1=1, 2, 3, 4. To obtain the

inverse, the determinant of CC* must be calculated. Those gimbal angle
combinations which make the determinant go to zero and cause program
divergence are denoted as singularities. For the pseudo inverse, singularities
are synonymous with ghu conditions. However, other steering laws can have
singularities without a corresponding ghu. Since mathematical manipulations
required to obtain the pseudo inverse are too complicated to perform without

a digital computer, the elements of equation (77) will be developed only to

the extent required for calculations. Most digital subroutines for matrix
inversion accept the elements of the matrix to be inverted and give as outputs
the elements of the inverse matrix. Let

D = CCx* (79)
and
E = D! X (80)

The normalized elements of C are obtained from equation (31) from which
the elements of D are calculated as shown in the following:
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As indicated above, the matrix D is skew symmetric,

to obtain the elements of E as outputs.

C™ gives the elements of F

Cp’+ CypP + Cpg” + Coff

Ci1Cart Cyp Copp+ Oy Cop # Cyy Oy
Cip Cgp v Cpo Cyp + Cy3 g+ Cyy Oy
Dip

Co® + Cop? + Cpg® + Cay’

Cop Cyp# Cpo Cyp+ Cug Cyg+ €y oy
Dyg

Dy

9

= Cyf+ Cgg'+ Cgy

bl

)

Csf

(1)

The elements of D are inputs to a digital matrix inversion routine

Cip Eyg + Cop Epp + Cygy By
CypEqp+ Coqg Egp + Cyy Ko
Cig Eqg + Cyy Egg-

C12 Ell + C_)'_l Enl + C‘__: EZ

Multiplying the elements of E
a 4 by 3 matrix. as shown below,

by

(82)



F33 = Cy3Eq3+ Cy3 Egg+ Cyg Egs

Fg1 = Cyy Eqy+ Cy Egy+ Cyy Egy (82)

Fg2 = CyyEqp+ Cyy Egp + Cyy Eyp (cont'd)

Fgs = Cyy Ejz+ Cypy Egg+ Cyy Egy

Utilizing the elements of the pseudo inverse matrix, the CMG steering law is
obtained by expanding equation (78) as follows:

&y =~(Fy T + + ’
t = (Fu T F12Tcy Fi3 T )/ hy

).
cz
47 = - +

(64 = T +F T . Q
3 (Fay ox 32 cy+F33 Tcz)‘ hy

o, =-(F +F,., T /
4 (F41TCX Fy cy+F43Tcz}/h4

As noted previously, the columns of C are CMG torque vectors for each
CMG. It can be rigorously proven that when any three are colinear the
determinant of C C* goes to zero, producing a singularity in the steering
law. There is a large number of gimbal angle combinations that can produce
singular conditions. However, in digital simulations, the only singular
conditions which prevented proper operation of the steering law were those
which also corresponded to CMG saturation.

In most cases when an internal singularity was approached, a small
pointing error was observed. However, the system would recover and oper-
ate satisfactory until CMG saturation was reached, The cyclic nature of
environmental torques prevented ghu at the singularities. But when constant
torques were commanded, internal singularities could always be encountered
with subsequent loss of control. Only about 50 to 60 percent of the momentum
envelope is usable without any possible singularities, More research is
needed to fully understand the singularity and ghu conditions associated with
single gimbal CMGs and to develop possible avoidance schemes.,
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When a CMG fails, it is acceptable to sct the failed gyro elements to
zero. The failed CMG must be identified and the column corresponding to the
failed CMG set to zero. The pseudo inverse routine need not be repro-
grammed, With one CMG out, however, C reduces to a 3 by 3 matrix whosc
inverse can be obtained without resorting to the pseudo inverse procedure.
The advantage of the pseudo inverse steering law is that most of the time the
exact torque needed for attitude error correction can he obtained through the
CMGs without any cross coupling., Possible disadvantages are the complexity
of implementing the pseudo inverse matrix inversion routine and the require-
ment for detecting and compensating for CMG failures. An onboard digital
computer would be required to implement the pscudo inverse steering law,

E. The Bendix Three-Gimbal Inverse

In the foregoing sections, the basic characteristic of the four-skewed
CMG system is that there are more control variables, gimhbal ratcs, than
there are basic relations, torque equations, between the variables, As
previously shown, the three components of the CMG torque vector provides
three equations which can be arranged in the veetor matrix form

.
~ A

H=C(ha) (&1)

where C is a 3 by 4 torque matrix whose columns correspond to unit vectors
directed along each individual CMG torque axis. From the basic definition
of the CMG reference coordinate systems defined in equation (&), the indi-
vidual CMG torque is

h =h o k , c¢=1,2, 3,4 (85)

where kL is a unit vector in the CMG coordinate system. The vector compo-

nents of k in the vehicle reference coordinate system form the clements of
c

the cth column of the C matrix. In vehicle coordinates, let kK , ¢ =1, 2, 3, 4,

N

be the column vector corresponding to the torque vector of the ¢th CMG, then
equation (84) can be reqritten as
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H = [k, k, ky k] (h&) . (86)

After replacing the CMG torque, H , with the desired control torque compo-
nents, Tc , the objective is to solve the torque equations for the CMG gimbal

rates such that the CMG system generates the exact control torque. However,
there are an infinite number of gimbal rate combinations which will satisfy

the torque equations. By specifying some subsidiary condition between control
variables, an equation between the variables can be obtained which can be
utilized to eliminate one of the variables from the torque equations, hence,
reducing the torque matrix to a 3 by 3 matrix which will have a unigue inverse
if the columns are linearily independent. The constraint equation must
necessarily be based on some preconception of what comprises a desirable
CMG system state or response characteristic.

In the absence of a universally accepted subsidiary condition between
the CMGs, Bendix has proposed '"the three-gimbal inverse" steering law [ 6]
for use on HEAO, If there were only three CMGs, the torque matrix would
reduce to a 3 by 3 matrix by deleting the column corresponding to the deleted
CMG. In this case, a unique solution exists for the three gimbal angles,
assuming that the determinant of the 3 by 3 matrix is not zero. In the Bendix
scheme, the CMGs are grouped into sets of three and the desired control
torque is apportioned to each set. Each set of three CMGs is required to
deliver its apportioned part of the desired control torque. Then, the corre-
sponding CMG gimbal rate commands are obtained by inverting each 3 by 3
matrix and summing the results from each set. For the four-skewed CMG
configuration there are four possible sets of three CMGs which result in the
following equations:

H = [k, ky ky (hiéi) , i=2, 3, 4

H= [k kg kyl (hiEi) , i=1, 3, 4

~ ~ (87)
H= [k ky k] (hi ai) , i=1,2, 4

~ 2

H-= [kl k2 k3] (hl Q‘i) s i=1, 2, 3

In each equation, let AC , ¢=1, 2, 3, 4, be the torque matrix corresponding

to the set of three CMGs with the cth CMG deleted from the 3 by 4 torgue
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matrix C. The inverse of each A exists if the determinant of A  is not
c . c
zero. Let A -! denote the inverse of Ac and a denote the corresponding
¢ y

solution for the three gimbal ratcs based on the cth set of three CMGs, The
gimbal rate solutions for the four CMG sets are

;1 - (A"H)/h . CMGno. t out
A (A,~'H)/h . CMG no. 2 out
(38)
a3~ (Ay"'H)/h . CMG no. 3 out
a - (Ay! ﬁ),/h . CMG no. 4 out

Although it is not necessary to prorate the desired torque cqually among the

four CMG sets. therc is no basis for doing otherwise. If the CMG torque

H is replaced by the desired torque vector Tc . then conceivably each set

could deliver the total required torque. To prevent overtorquing, the desired

torque components are divided by tour. that is, apportioned equally between

the four sets. With T /4 being substituted into equation (85) with a negative
c

sign, the four solution sets are obtained and the results for each CMG gimbal
rate added together to obtain the Bendix three-inverse steering law. A flow
diagram of the steering law is shown in Figure 8. The gimbal rate command
to each CMG is composed of solutions from three of the four solution sets,

In the event that one CMG fails, only that set which does not contain the
failed CMG would be used to oblain the gimbal rate commands. For example,
it CMG number 3 fails, then all the desired torque would be allotted to the

A3-1 solution., In this case, 33 would give the exact solution needed to
generate the required control, it and only if Ky, Ky, kg4 are not coplanar,
When three unit torque vectors are coplanar. the vector box product between
them is zero., Moreover, the box product is identical to the value of the
determinant formed by the vectors., When the determinant is zero, no solu-
tion exists, and the matrix is singular. With CMG number 3 out, the gain
factor 1/4h would be changed to 1/h and the loops broken which lead to
AL A" and A;7V. The resulting solution from A;™' should be, in
this case, the exact solution,



equations (88) are
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Figure 8.

A (d2,d3,d4,); ar To CMG #1
A Ld1,53, 34l az To CMG #2
A1 | _ld1 a2 aa), a3 ToCMG # 3
Ay (a1, @2, a3), as To CMG #4

Three-gimbal inverse CMG steering law,

Assuming all CMGs operational, the four gimbal rate solutions from

1t

il

CcX

(-1/4h)A2'1§TC

(89)

=
[¢]
”
.
oSN

(-1/4h) A, Tcy



-1/t T (59)
¢y {cont'd)
T
CZ

dy -

N
.

where the subscript on the gimbal rate solution sets are used lor identifica-
tion of the particular solution, The CMG gimbal rate commands can be
written in vector matrix form by augmenting cuach solution with a null (zero)
row which corresponds to the deleted torque vector:

(v
"4

\
g 0 (b [ [
(.Yg (.l;_! 0 (.) M (.‘. K
- - * \ ' . (90)
(.1 3 3 ('4 3 0 (.A 3
Oy (o r (g 0
i 2 3 )

That is. each gimbal rate command is composed ol the three solution sets in
which its torque vector appears:

ro

. (91)

G2 O3
The matrix inverses can be incorporated into equation (90) by adding the null

row to cach inverse matrix to form B . a4 by 3 matrix with its cth row
¢

zero, for example.

15



[ 0 0 0
0 0 0 3.11 3.12 3.13
B, = = . (92)
Ayt ay agy g3
dgzq a3z 333_‘

Utilizing this somewhat superficial matrix definition, the three inverse steer-
ing laws can be written as

= (-1/4}]) (B1+ B2+ B3+ B4} Tcy . (93)

T

L CZ

Let aijl , ai; , aij3 , and aij4 represent the elements of the inverse matrices

At Ayt A7t and Ag! respectively. Then, from equations (92) and
(93), the gimbal commands are

= (o 4h[az+a3+a4T +(af+ ad+ a, )T
aq (1/ ) (11 11 11) cx 12 12 12) cy

+ (3,132+ 8.133+ 3.134)TCZ]

(:y2= (—1/4h) [(3111'}‘ 3.2]?‘4“ 3.214)T + (3.121+ 8,223+ 8,224)T
ox YN (99

=+ (3131+ 8.233+ 8.234) TCZ]

w3 = (-1/4h Ly 2 4 4T+ 1, 2+,4T
ag= (-1/ )[(&21 as + agy) ox (agy + ayp + agy) cy

+ (ag+ a)d+ agd) Tcz]
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(g - {-1/4h) [ (ag+ agi+ ayf) T Cagle agi- ag)) Tcy
(94)

| Y 3 (cont'd)
Folaggt age a) T, .

It the inverse exists for all four gimbal sets, the desired torque will
be obtained. However, if one or more of the A nmtriccs are singular,

v

special strategics must be devised to obtain the desired torque.  The solution
set whose determinant is zero could be disr cgarded and the desired torque
apportioned to the remaining three sets.  Bendix proposes a CMG singularity
detection and avoidance scheme in their HEAO-A Phase B Final Study Report
l61. The hox product between the column vectors of cach A matris is

¢
continuously caiculated and,. when any set value becomes less than some
speciftied small value, a bxased rate command is applied to one of the three
CMGs in that set, The remaining CMGs must counteract the torque produced
by the biased rate, hopefully driving the CMGs away from the singular
condition,

Singularity detection is accomplished by continuously monitoring the

triple scalar product between the column veetors of cach torque matrix. A,
¢

The value ol the determinant of A is identical to the triple scalar product.,
¢

When the determinant of a torque matrix is zero. the three torque vectors

[ represented by kK ¢ 1,23 4. in cquation (87) 1 are coplanar and that
¢

particular matrix has no inverse at that mst mt ol time,  Singularitics arce
detected by monitoring
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When the absolute value of any determinant is less than a small positive
constant, PS » @ near singularity has been detected for the cth torque

matrix. That is, if
A <P : (96)

the singularity avoidance scheme is invoked,

The singularity avoidance scheme consists of applying a biased rate
command, Agy ic to any of the three CMG gimbals represented in the matrix
whose determinant is less than PS . The sign of the hias ig opposite the

polarity of the gimbal rate just previous to invoking singularity avoidance.
Letting ds be the magnitude of the bias, the bias rate command to the ith

CMG can be written as

Acyl.c = - N slgn Laic (t-1) ] (97)

where t-1 indicates the rate measurement {rom the previous computational
cycle. The remaining three CMGs, denoted by j, k, 1 are biased to counter-
act the bias applied to the ith CMG by defining

A,
jc

Ay = -q A._Ii; , (98)
ke s i i

A(ylc

where ki is the column vector corresponding to the biased CMG torque
vector, equation (86), and Ai"1 is the inverse of the matrix that does not
contain the ith torque matrix. For example, if A, < PS , then either

gimbal 2, 3, or 4 may be selected for a bias rate command, Selecting the
second CMG gimbal to apply a bias rate command yiclds
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A(l”gl - - (;‘S sign 1;5‘21 (t-1) | C949)
and

Dev g
Ay y, -0 ALK, . L1100

A()w

Then. the bias commands arc added to the solution set rate commands, cqua-
tion £891). to provide singularity avoidance, For the example given. the CMG
gimbal rate commands arc

VIO Gyt G i e,
] 101
n G4 ™ (g fr:r; s A i

Once initiated. the singularity avoidance slewing will contunue untl citner
another determinant drops below Poor the first exceeds P, I another
S S

set drops below P the bias commands are basced on the second singularity
s
condition, If all determinants excecd P . the avoidance is discontinued and
S

normal operation is resumed,

In the preceding paragraphs. the Bendix three-gimbal inverse steering
faw with singularity detection and avoidance has heen dervived, I cach soly.
tion set could contribute its allotted portion ol the desired commanded torque,
ideal control would he obtained, Depending upon the CMG gimbal positions
and the desired torque at any instant ol time. however, the solution sels
cannot provide cqual control authority in the required direction,  For example.
when any two CMG torque vectors. K. are colinear. at least two ol the

I
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solution set matrices are singular [ equations (87)] and cannot provide their
apportioned share of the desired control torque. Even if the other two solu-
tion sets could provide perfect commands, only half the needed torque would
be produced since each set has been apportioned only one-fourth of the
required torque commands. Moreover, when the singularity avoidance
scheme starts working, the bias commands will produce undesirable torque
components which will interfere with the normal torque needed for control,
temporarily interrupting the vehicle's pointing accuracy. To help alleviate
this deficiency, each solution set should be required to produce all the
desired torque and the individual gimbal commands adjusted by dividing by
one-fourth,

In comparing the Bendix three-gimbal inverse steering law with those
derived in the previous sections, the Bendix law is far more complex then
any of the other laws. Moreover, the Bendix scheme introduces mathematical
singularities that are not otherwise present and do not correspond with ghu.
For example, if any two CMG torque vectors are colinear, two of the solution
set matrices become singular even if the total CMG system can provide per-
fect control through the remaining two solution sets.,

Singularity detection and avoidance schemes are required to prevent
program divergence. When the Bendix singularity avoidance scheme is
invoked, unwanted torques arec introduced which tend to disturb the vehicle's
pointing performance. Four 3 by 3 matrices must be inverted to obtain the
Bendix steering law, but only one 3 by 3 inversioh is required in the pseudo
inverse steering law. CMG failures must be identified and the correct solu-
tion sets deleted for proper failure mode operation with the Bendix steering
law. Because of the complexity of the Bendix three-inverse steering law
without corresponding increases in either reliability or performance, it is
not recommended for use on HEAO.,

Simulations indicate that the Bendix three-gimbal inverse steering law
produces acceptable vehicle pointing performance. But, without the singularity
detection and avoidance scheme, only about one-fourth of the available CMG
momentum could be utilized before encountering a singular condition, after
which the system diverged and exceeded the required pointing specifications.
To utilize the Bendix steering law and the total CMG momentum envelope, it
is absolutely necessary to also use their singularity detection and avoidance
scheme, which will degrade performance. About four times more computer
time was required for the Bendix steering law without singularity avoidance
than for the pseudo inverse steering law.
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F. The G.E. Transpose with Torque Feedback

As previously shown by equation (32), the CMG torque is

. .
~ ~

H = hC , (102)

where h is the momentum per CMG, C is the normalized 3 by 4 gimbal
torque matrix, a is a4 by 1 column matrix representing the CMG gimbal

rates, and H is a 4 by 1 column matrix for CMG torque. The matrix C has
no unique inverse. Howecever, the first approximation to the inverse of such a
matrix is its transpose. The desired control torque, TC , based on attitude
error signals is substituted with a ncagative sign for the CMG torque. Approx-
imating the inverse of the torque matrix by the transpose, the CMG steering
law is

6 (-1/m) CFT : (103)
o

Expanding the transpose steering law, the gimbal rate commands are

P T 7 Cu 'I‘Cy—» Cy 1“) ‘h
G -(C T +CpuT +CpT )/h
o <y ” (104)
fa o —C T 4 Cpy T+ Cyy T /D
€G3 13 er 23 cy 53 0,
(1 4 - (_C14 T(_‘X + CL’J rI\('V d (_,54 I )/h

There are no mathematical singularities in the steering law and it
is easy to implement. The main disadvantages of this type stecring law is
that the desired torque is not produced and the gain through the CMGs depends
upon the gimbal positions at that instant of time. Tor example, if the gimbal



angles are all zero and the elements of the torque matrix is evaluated at that
condition, a unit torque command per axis produces a torque of 4s%B8 on the
X-axis and 2¢*B on both the Y- and Z-axis, More than twice as much torque
is produced on the X-axis than was commanded, assuming a beta angle of
93.1 degrees. However, only about three-fourths of the commanded torque is
produced on either the Y- or Z-axis. To alleviate this basic deficiency in
control effectiveness, G.E, [2] has utilized CMG torque feedback in the
transpose steering law., Since the actual CMG gimbal rate is proportional to
the torque being produced, CMG tachometers measure the gimbal rates

which are fed back in a minor loop illustrated in Figure 9. A first-order

lag filter is installed in the loop to provide added rejection of mechanical
noise errors,

= @" X ¢ [ e
— S — —
JSt1 h TACH

Ch s

Re

Figure 9. Transpose steering with torque feedback,

The modified transpose steering law with CMG torque teedback, ﬁf ,

becomes

. ]/h
J . (105)
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Although the torque feedback provides constant gain for the rate loops,
the total CMG system still has a variable gain as a function of the CMG gimbal
angles. However, unless very fine control is required, adequate vehicle
performance should be maintained. The torque feedback should help provide
only the control authority required by the attitude error signals.

G. The BECO H-Distribution

As previously mentioned, equation (32) does not have a unique inverse
for the CMG gimbal rates in terms of other parameters because the matrix C
is not square and, thercfore, is singular. An cxact solution can be obtained
by finding a constraint cquation between the gimbal rates. This equation can
be used to eliminate one of the gimbal rates from equation (32), thus reduc-
ing the C matrix to a 3 by 3 dimension which has an exact inverse, provided
it is nonsingular. Inlieu of a subsidiary condition hetween CMGs, BECO [ 3]
has proposed the following scheme for obtaining a steering law,

Assume that CMG number 4 is arbitrarily gimbaled at a certain
constant ratc at each instant of time the matrix C is to be inverted. Morcover,

assume that this rate can be determined just prior to cach time step so that
CMG saturation and ghu conditions arc avoided. Under these conditions,

vy (1 . (106)

is uscd as a fourth equation to augment equations (32)

by Ci Cp Ci Chy ooy hy
h C., Cu Cu  C, Coh
v
. t107)
h, Coo O Gy Oy Gy by
(.1‘4 0 0 0 1/h4J (.‘ | hl

(9]
e



Let A be the augmented torque matrix in equation (107) and let A be its
determinant. Using the elements of C [equation (31)], the determinant of A
is

A= (—SB/h) [2023 Cay Cay Cag+ Saz S(()!1+ CY3)

-CB Ca,y S(Cl/1-013):| . (108)

Assuming A is not zero, the solution of equation (107) is

a1 Tex
&y Tey
= (-1/h)A-1 , (109)
&3 ‘TCZ
&4 (.l/4

where %c has been substituted for H with a negative sign.

The solution for CMG gimbal angles numbered 1, 2, and 3 [ equation
(109)] depends on both the gimbal rate and position of CMG number 4. As
noted by equation (108), the determinant does not depend upon CMG number
4. The determinant goes to zero under the following conditions:

l. ay = -ay or oy = 180 - a3 and o, = 90 degrees.

ay = 90 degrees.

i

2. (e8]
3. k1 M kzxk3 = [A4| = 0,

These conditions can occur without producing ghu. Thus, mathematical
singularities not coinciding with ghu conditions are introduced by this
formulation,

At this point the obvious problem is to suitably determine a'e4 . To
prevent A from going singular, A must not be zero. It appears that singu-
larities could be avoided by making the fourth gimbal rate, at each time step,
inversely proportional to the determinant of A, However, to minimize the



total gimbal rates, the fourth gimbal should also be proportional to the root
sum square of the other gimbal rates., Thus, &, may be determined by
sctting

¥
. * . 2 . 0 2
g - KGr e o+ ag) /A , (110)

where K is a constant., A suitable value of K was found to be 0.001,

There are certain relative orientations of the spin momentum vectors
of the four CMGs such that no torque can be produced in a particular direc-
tion, Such orientations will be referred to as gyro hang-up orientations and
should be avoided if possible to have complete and independent control of the
spacccraft axes at every instant of time.

The condition for the gyro hang-up orientation is that at any given
instant of time, the torque vectors of the four CMGs happen to lic in a plane,
If at that instant of time a torque normal to that plane is commanded, the
CMGs cannot contribute any torque in the commanded direction and control
is lost in that particular direction, Therefore, the only way to avoid gyvro
hang-up orientations is to not allow the torque vectors of the four CMGs to
go into a plane. The following analysis is conducted to determine the con-
ditions in terms of the known quantitices like «y , oy, oy, and a; when
gyro hang-up oricntations may occur and a scheme to avoid these orientations.,

The determinant A vanishes both at ghu orientations and at mathe-
matical singularities. In principle, if A is positive, the fourth CMG can be
used to cause A to increase, remain the same, or decrease as slowly as
possible. Hopefully, this will delay the occurrence of ghu or singularity as
long as possible,

To get an explicit expression for ('x;, which will muke the derivative
A positive semidefinite, the following procedure may be adopted:

1. Differentiate A with respect to time [ equation (108)] to get an
expression in terms of gimbal angles and gimbal rates.,

2. Substitute the values of the various gimbal rates from cquation
(109) into the above expression for A . The resulting expression is equated

[V}
(2]



to zero and solved for ¢&;. This expression for ¢&; is in terms of gimbal
angles, spacecraft rates, commanded control torques, and the CMG angular
momentum resolved into spacecraft body axes. Thus the value of ¢, is
completely known at every instant of time.

It may happen at certain instances that the gimbal rate ¢, calculated
from the above procedure will give higher values than the upper limit of one
degree per second allowed. In such instances, the upper limit value of one
degree per second for ¢, will be used and in that case the value of A will
tend to decrease.

Figure 10 shows an outline of the information flow diagram for this
CMG control law. The following are important features of the proposed CMG
control law:

1. Provides control torques exactly as commanded in all three axes.
2. No interaxis cross coupling.

3. Involves only one matrix (4 by 4) inversion. Three of the
elements of this matrix are identically zero; this further reduces the complex
matrix inversion computations.

4. Tends to distribute the momentum between each CMG and, for
this reason, is referred to as the H-distribution steering law,

Digital simulations show that the BECO steering law [ using equations
(109) and (110)] gave performance equaling that of the pseudo inverse;
however, it is more complicated than the pseudo inverse. For each CMG
failure, the failure would have to be identified, the BECO steering law
deleted, and an exact inverse inserted which would depend upon the failed

CMG.

SECTION 1V. STEERING LAW SUMMARY AND SELECTION

The problems in selecting a steering law are caused primarily by the
fact that there are more unknowns than there are equations between the un-
known variables. For example, the four-skewed CMG configuration baselined

56



SPACECRAFT

3 +
Ta SPACECRAFT
— 1 DvNAMICS CONTROL
Wy Wy Wy LAw

Teme
a 1 a a ¢
L CMGs L 27374

__4 be, Hyb, sz

- AT T Sx Ry l/ _ H
a= - . - —
Ug = FIH o, 0, T

H ¢! a
/ J @
| o
-—
Tc

Tc

Figurce 10, H-distribution steering law,

for HEAO-C has four gimbal ratec commands as unknowns, However. there
are only three equations tfrom which to obtain o gimbal rate solution, These
cquations are obtained by equating the three components of the torque com-
mand vector to the CMG torque vector, A]‘though there are many solutions,
an exact solution in the usual sense does not necessarily exist, At this point.
cach designer will devise his own scheme for obtaining a solution, What is
needed, of course. is a constraint cquation hetween variables so that an
exact solution can be obtained.  For cach constraint oy assumption that is
made, a different solution will he obtained for the gimbal rates, Whatever
the solution, it is referred to as the CMG steering law, Several candidate
steering laws werce derived and comparced on the basis of their effectiveness
in producing the desired control torque.  Each was derived tor the four-
skewed CMG contiguration which has been haselined tor HEAO-C . and each
was implemented in digital simulations. The candidate steering laws were:

1. Constant gain,
2. Maximum contribution,

3. Pseudo inverse,



4. The Bendix summation of three-gimbal inverses.
5. The BECO momentum vector distribution.
6. The G.E. transpose with torque feedback.

Given any CMG configuration and steering law, there are certain
conditions that can produce problems in either the performance of the system
or in the ability to obtain the commanded torque. As previously defined, the
CMG torque is related to the gimbal rates by a torque matrix whose columns
are unit vectors along each CMG torque output axis. Since there are four
CMGs, there are four columns in the torque matrix, When all four columns
are coplanar, no torque can be produced perpendicular to that plane. This
condition has been defined as gyro hang-up. That is, when the commanded
torque is perpendicular to the total CMG torque vector, it cannot be produced.
The ultimate in gyro hang-up is CMG saturation. Obviously, if the CMGs
have produced all the momentum possible in a given direction and the com-
manded torque vector asks for more in that direction, it is impossible to
produce the required change in momentum and, subsequently, control is lost.
For an inertially oriented spacecraft, a component of the gravity gradient
(g.g.) torque is usually offset from its zero reference, producing a momen-
tum component that tends to saturate the CMGs over a period of time. Before
the CMGs are saturated, the prevailing condition must be detected and stored
CMG momentum must be interchanged with that produced by a second source,
such as RCS or electromagnets. In so doing, the CMG gimbal positions are
normally returned to their reference position, usually a zero momentum
state.

Each steering law was compared on the basis of complexity, accuracy,
mathematical singularities, failure adaption, performance after failure, and
growth potential, No attempt was made to weigh the importance of each
comparative factor and the ratings shown in Table 2 are somewhat subjective,
However, on the basis of an elaborate digital simulation (Appendices A, B,
and C) the pseudo inverse consistently gave better performance than the other
steering laws, especially when various CMG failures were simulated, and
was relatively easy to implement. The context in which the comparative
factors were used are as follows:

1. Complexity — The mathematical manipulation and logic required
for implementation.

2. Accuracy — The pointing and jitter performance obtained through
simulations,
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3. Singularity — Combinations of gimbal angles which can cause
zeros in the denominator of the steering law, hence, program divergence,

4. Failure Adaption — The corrective actions that must be taken in
the event of a CMG failure, in particular, changes in the steering law,

5. Performance After a Failure — Pointing and jitter performance
with one CMG out,

6. Growth Potential — Minimum modifications required to accom-
modate more than four CMGs,

7. Gyro hang-up — A combination of gimbal angles which prevents
the desired torque from being produced: (a) cannot transier attitude error
through the steering law, and (b) the commanded torque is perpendicular to
the instantaneous CMG torque vector (H - Tc = 0) . The ultimate in gyro-

hang-up is CMG saturation.

8. Cross Coupling — Not being able to produce a torque about one
axis without also torquing a transverse axis.

9. Efficiency — Capability of using the total momentum available
without gyro hang-up or cross coupling.

The "'constant gain' steering law is derived by assuming small gimbal
angles and assuming that the CMGs operate similar to scissored pairs. As
implied by the name, the constant gain sleéring law contains constants which
can easily be implemented on an analog computer. It is the simplest of all
laws but is valid for gimbal angles less than :90 degrees. It contains no
singularities. With one CMG failed, the CMG null position must be redefined
and a new constant gain steering law derived which is valid about the new null
position. Afler a failure, the gimbal angles tend to become larger and the
performance degrades.

The "maximum contribution'" is derived by assuming that each CMG
operates independently. The gimbal rate of each CMG is commanded to
produce as much as possible of the desired torque. In complexity, it compares
favorably with the constant gain steering law., Excellent performance is
obtained as long as the gimbal angles stay small. However, as the gimbal
angles become large, gyro hang-up conditions are approached and the per-
formance is degraded due to cross coupling torques. There are no singular-
ities in the maximum contribution steering law and no changes are required
for failure adaption. With only three CMGs operating, the performance is
degraded due to cross coupling CMG torques.
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The "'pseudo inverse' steering law basically minimizes the norm
between gimbal rates and is based on the work of R, Penrose [ 8], A 3 by 3
matrix inversion is required to get the inverse, along with several matrix
multiplications, It represents the ultimate accuracy in performance. With
one CMG failed, the pscudo inverse reduces to an exact inverse without
program modifications, and its performance is not degraded, Since the
pseudo inverse tends to produce exactly what is commanded, there are no
cross coupling torques. However, gyro hang-up conditions can be approached
as the gimbal angles become large. The pseudo inverse is recommended for
HEAO-C,

The ""Bendix summation of three gimbal'' solutions is much more
complex than any of the other candidate steering laws. Basically, the CMG
torque vectors are arranged in combinations of three. Therc are four possible
combinations, cach having an exact inverse. The solutions to cach combina-
tion are summed to produce the steering law, It is not known what the equiva~
lent constraint equation would be or what, if anything, is being minimized.
The Bendix law introduces several singularities that are inherent only to their
scheme. In addition, gyre hang-up conditions can be attained. Singularity
detection and avoidance techniques are required which compound the com-
plexity, Failure detection and corrective actions arc required. However,
after a failure only one of the three gimbal inverses would be used, in which
case the steering law reverts to an exact inverse and the performance
improves. The Bendix steering law is not recommended for HEAO.

The "BECO H-distribution' is derived by assuming a constraint
between the gimbal rates that tend to distribute the CMG momentum to avoid
gyro hang-up conditions. In addition to a constraint equation, a 4 by 4
matrix must be inverted, increasing its complexity. It performed well in
simulations; however, complete reprogramming is required to accommodate
a CMG failure. With one CMG out, supposedly the exact inverse would be
used, improving performance.

The "G.E. transpose with torque feedback' is a variation of the
maximum contribution steering law. Basically, cach CMG is commanded
individually with the CMG torque signal being fed back to prevent overcontrol
and provide stability. It is more complex than the maximum contribution
with about the same performance capabilitics. As the gimbal angles become
large, gyro hang-up conditions can also be attained. Both the maximum
contribution and G. E. steering laws offer maximum growth potential, As
more CMGs are added, the cross coupling between CMGs becomes less and
the performance improves. The main objection to this type steering law is
that the system bandwidth varies as a function of the CMG gimbal position.
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Each steering law was evaluated through digital simulations of vehicle
pointing performance. Based on factors such as complexity, accuracy, CMG
failure adaption, performance after failure, mathematical singularities, and
singularity avoidance, the pseudo inverse CMG steering law is preferred over
the other steering laws. As a specific comparison, the Bendix steering law
introduces several singularities that are inherent to their law and make
hecessary a rather complex singularity detection and avoidance scheme, By
far, the Bendix three-gimbal inverse steering law is more complex than any
other candidate steering law without a corresponding increase in either
accuracy or reliability. In contrast, the pseudo inverse is more accurate
than any of the other laws, adapts to a failure mode without software modifica-
tion, and performs after a failure (assuming failure identification) without
any degradation,

With the magnetic system continuously dumping CMG momentum, the
candidate CMG steering laws were simulated. In all cases, the stored CMG
momentum remains near zero; consequently, the gimbal angles stay very
small., Even under worst environmental torque conditions, the deviation of
the angles from their null position was only about 3 degrees. As a result, all
steering laws performed equally well and all produced excellent pointing and
jitter performance. Since the gimbal angles stay very small, a constant gain
steering law is adequate for HEAO with magnetic momentum dump, However,
if rapid slewing is commanded, the gimbal angles became large during the
maneuver. If HEAO is required to maneuver rapidly (for example, solar
flare viewing in an antisolar dircction), the pseudo inverse or maximum
contribution steering law is recommended. Moreover, ecither steering law
does not require any modification in the event of a CMG failure, providing
fail operational capability, Assuming one CMG has failed, the magnetic
system will automatically drive the remaining CMGs to a new null (zero
momentum ) position, without any changes being made in the software.

As long as the gimbal angles stay small, as with continuous momentum
dump against the earth's magnetic field by electromagnets, all steering laws
perform about equally well. As the gimbal angles become large there are
significant differences in performance. These differences are due to the
steering laws' ability to cope with singularities, gyro hang-up, and cross
coupling CMG torques. Based on a comparison of the candidate steering
laws for HEAO, the pseudo inverse is recommended for HEAO-C. As an
alternate, the maximum contribution should be considered, especially if
more CMGs were added for greater reliability over the two year mission.
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The HEAO-C control system is described in Appendix A, including
electromagnet sizing for continuous momentum dump. Euler's equations for
HEAO-C with the four-skewed CMG configuration illustrated in Figure 2 are
derived in Appendix B. The digital simulation of HEAO-C is described in
Appendix C along with typical performance results using the various CMG
steering laws. The spacecraft inertia properties, orbital parameters, and
feedback gains are also given.
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APPENDIX A. SYSTEM DESCRIPTION

An alternate actuator system proposed for HEAO-C is composed of the
four skewed CMGs for maneuvering and attitude hold during normal operations,
a cold gas RCS for control during orbit adjust stage (OAS) burn and initial
stabilization, and three orthogonal electromagnets for momentum management
of the CMGs and for direct control torque in the event of two CMG failures.
Such a system will be more reliable, weigh less, and provide greater depth of
failure without degrading system performance than the RCS-CMG system base-
lined for HEAO-C. For long lifetime missions such as HEAQ, a considerable
amount of RCS fuel is required to dump the accumulated CMG momentum due
to biased environmental forces. It seems only natural to consider the produc-
tive use of environmental forces such as gravity gradient or the earth's mag-
netic field. Previous studies for the Skylab program show that gravity gradi-
ent can be utilized to dump CMG momentum. However, during dump, the
spacecraft's pointing requirements must be ignored and the vehicle maneu-
vered in a specific sequence such that the gravity gradient counteracts the
accumulated momentum. For HEAO, experiment viewing time takes priority
and precludes the use of gravity dump except perhaps as a backup measure.
Currently, the earth's magnetic field offers the greatest growth potential for
utilizing the HEAO environment for control purposes, without sacrificing
experiment viewing time by imposed maneuvers or restricting the observatory's
orientation.

MAGNETIC TORQUER

Basically, the advantage of utilization of controlled interactions with
ambient fields is that no fuel need be carried aboard the vehicle for CMG
momentum dump. However, the use of electromagnets to react against the
earth's magnetic field does require additional power to drive the coils. The
magnetic system proposed for HEAO consists of three electromagnets aligned
orthogonally with each vehicle control axis which is assumed to be a principal
axis. When current is passed through the coils, a dipole moment, M, is
generated which reacts with the earth's magnetic field, B, to produce a
torque, Tm. The torque produced obeys the vector cross product

=M xB . (A-1)
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It is apparent that the torque produced is perpendicular to both the dipole
moment and the earth's field. Although limited in magnitude by the electro-
magnet size, the direction of the dipole can be produced in any direction. At
any instant of time, the magnitude and direction of the earth's field depends on
the observatory's orbital position relative to the surface of the earth. The
vector components ol T would be obtained by onboard magnetometers. The
magnitude of M varies as a {unction of the currents being passed through the
coils at any time. To maximize the torque produced by a given current, the
dipole generated should be perpendicular to the earth’s field. Morcover, it
is apparent that a torque cannot be produced in the direction of B.

At some instant of time, the desired torque may he aligned with B, in
which casc it cannot be produced. However, these periods are relatively short
because, as the orbital position of the observatory changes, a corresponding
change occurs in the direction of the carth’s field. Over anv time interval
during an orbit, the CMGs produce the desired torque required for fine control
and the magnetic torque, il available, is used to dump the momentum accumu-
lated in the CMGs.  The magnetic svstem proposed for HEAO provides a torque
proportional to the stored momentum. As such il is a sccondary control torque
and, it it cannot momentarily be produced, the vehicle performance is not
degraded.

MAGNETIC CONTROL LAW

Let the CMG momentum be denoted by the vecetor

H - i - hj - IN . Al
I hxl 1.\N| hz (A-2)

Then, if a proportional svstem is considered, the magnetic torque required to
dump the CMG momenta must be proportional to T but opposite in direction;
therefore,

T - -K 1 , Aol
m \m ( ))

where K is an arbitrary constant to be determined. Equating equations (A-1)
m

»

and (A-3) and taking the vector cross product of T with both sides gives

B - (_I\’mﬁ) B (M BN - (M- BB . (A-4)

—
[
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The maximum torque for a given magnitude of B and M is obtained when M
is normal to B, implying that M - B = 0. For this case, equation(A-4)
can be solved for M to give

M = _Km(}_s x H)/B® . (A-5)

Equation (A-5) gives the dipole moment required to dump the CMG momentum
H. In expanded form, the vector components of the required magnetic control
law for momentum dumping are

M= (—Km/BQ)(Bth - Bzhy)

— 2
My = (-Km/B)(Bth - Bxhz) . (A-6)
M= (_Km/BZ)(Bth - Byhx)

Of course, the magnetic dipole can be directly related to current and voltage.
For use on HEAO, the power has been arbitrarily limited to 10 watts per elec-
tromagnet. Substituting the dipole commands into the torque equation [equa-
tion (A-1)] produces

T = (-K_/B)(B x H) x B = (-K_/B)BH - BB - W) (A-7)

as the magnetic torque produced to dump the CMG momentum. If H is per-
pendicular to B, then B + H = 0 and the exact torque needed for momentum
dump is produced. Consider the other extreme and assume that H is aligned
with B. In this case, H can be expressed as a constant k times B (ﬁ = k]_B)
and equation (A-7) becomes zero. That is, no magnetic torque is produced
when the earth's field is unfavorable for dumping momentum, Only that portion
of the desired torque which is perpendicular to the earth's field will be pro-
duced at any given time. However, momentum can be dumped on one axis at
the expense of increasing momentum on another axis, but the total magnitude
will always be reduced by the magnetic system.

In the event of two CMG failures, the magnetic system could be used to
provide direct torque in addition to dumping CMG momentum. For direct
torque control, the magnetic torque would be set proportional to the desired
control torque, TC. The desired torque is based upon attitude error signals
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which have heen weighted by appropriate feedback gains. Normallyv, the CMGs
would provide this torque through the CMG steering law. The dipole moment
required for direct torque commands is obtained by setting

T KT . A-8
m \L' C ( )

In & manner similar to that used to obtain the dipole commands for momentum
dump, the dipole command for direct torque control is

M K (D - TC)/B2 . (A-9)

Assuming two CMGs have failed, the dipole commands would be a com-
bination ol that required for momentum dump and direet control. The magnetic
torque would be set equal to

T + K T+k T . (A-10)
m m C C

The corresponding dipole solution is

B x (-Kmﬁ + K TL) -K K ( )
Y ¢ m o= - ¢ == A-11
1\11- B) - N B T Ty X
e e (B~ M) + 5 (B\TC) .

Hence, the form of the dipole commund changes according to the tvpe actuation

desired,  Appropriate values for tae constants are K = 0,01 and KC =1,0,
13 :

Electromagnet Sizing

The maximum dipole is physically limited hyv the shape and volume of
the eleetromagnet, the number ol turns in the coil, current passed through the
coils, and physical propertics of the materials used. In sizing the clectro-
magnets, low power usage is scleeted over weight as a design eriterion. A
maximum of 10 watts per coil has heen arbitrarily sclected as an upper limit
and the rest of the magnetic system has heen sized accordingly to mecet the
required torque and/or momentum dump capuability.  The magnetic syvstem
would be installed in the OAS and, for this reason, the length of the electro-
magnet has been limited to 60 inches.
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Based on simulation results for which the dipoles per axis were limited
to selected values, it was found that a dipole moment per axis of 0.2 ft-l1b/
gauss was adequate to dump the expected secular momentum due to gravity
gradient torque. However, under worst-case conditions, the magnetic system
could not dump all the accumulated momentum and the CMGs could saturate in
about one day. For direct torque control, the magnetic system must produce
a torque equal to or greater than that of gravity gradient, in which case a
dipole moment of 0.4 ft-lb/gauss is desirable. With a properly sized magnetic
system, two out of four CMGs can be failed and still maintain acceptable
HEAO-C performance. For this reason a value of 0. 4 ft-lb/gauss was selected
as a basis for designing electromagnets for HEAO-C. A candidate electro-
magnetic torquer design to meet the above specifications is shown in Table A-1.
In this case, an AEM 4750 Core was assumed to be utilized,

TABLE A-1. ELECTROMAGNET TORQUER DESIGN DATA

Total Total

(1 torquer) (3 torquers)
Weight, lbm 110 330
Max Power, W 10 30
Outside Diameter, in, 2,45
Core Diameter, in. 2.11
Core Volume, in.* 209.5 628.5
Max Magnetic Moment,
amp-turn-m? 5440 9422
Torque Produced in a 0. 35
gauss field, ft-1b 0,14 0,24
Flux Density, gauss 12 000
Field Intensity, oersted 20
Core Material AEM 4750
Winding Material Aluminum
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As simulation data were obtained using coils for CMG momentum
dump, an improvement in observatory performance was noted. A linear
analysis of the HEAO-C equations of motion proved that magnetic momentum
dump introduced the integral of attitude error through the control loop, improv-
ing hoth pointing and jitter performance of HEAO-C. Moreover, since momen-
tum is continuously dumped, the CMG gimbal angles stay very small, permit-
ting the use of a constant gain steering law. Since the coil commands arce
based on the CMG momentum state, when one CMG is failed, the remaining
CMGs arce automatically driven to a new null (zero momentum) state without
reprogramming or software modification. The following arc some of the
advantages of using electromagnets for continuous momentum management:

1. No fuel or RCS required for momentum dump.
2. Lifetime not limited by expendables.
3. Saturation detection not required.

4. Very small gimbal angles permit use of a constant gain steering
law.

2. One CMG fail operational capabilityv.
6. Operation with two CMGs failed is possible.
7. Small size CMGs (50 ft-1b-sce cach) could he used.

5. Improved pointing performance.

There are, however, some possible disadvantages in the use of electro-
magnets.  These are possible magnetice contitmination, which mayv require that
certain components such as photomultiplicr tubes he shiclded, or power usage,

which would be Himited to 30 watts for the three coils. Overall, the syvstem
should be more reliable than one using RCS dump.

SYSTEM COMPONENTS

The attitude sensing and control system components are shown in Fig-
ure A-1.  The sensors provide attitude information which is processed in a
central computer to generate attitude error signals.  The control laws and
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Figure A-1. HEAO-C attitude senging and control system.

algorithms are generated within the computer to drive the actuator systems.
The actuators (CMGs, RCS, and electromagnets) provide the torque required
for attitude hold against environmental disturbances and for maneuvering.
Most of the components are redundant so that fail operational capability exists
for most subsystem failures. As illustrated, there are three coarse sun sen-
sors, two digital sun sensors, six rate gyros, four fixed head star sensors,
and two 3-axis magnetometers. There are three input-output processors and
computers with only one operational at any time. The RCS is completely dual
redundant with only half the system normally in use. There are three orthog-
onal bar torquers in the magnetic system, each with separate drive electronics
and all are normally operating. All four skewed CMGs are also normally
operating. However, any bar torquer or CMG can be failed without degrading
system performance. If two CMGs fail, control can be maintained if the mag-
netic system is used to provide direct torque as well as CMG momentum
management.
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The interaction between the attitude scensing and control system and the
HEAO spacceraft is shown in Figure A-2. Ground commands for pointing to
various target sources are used to program and/or drive the guidance, navi-
gation, and scquencing logic in the control computer., Based on the attitude
commands and the present vehicle attitude from the onboard sensors, the
vchicle control law torms an attitude crror signal, usually denoted as the
commanded torqgue, _F( Then, the commanded torque must he processed

by an appropriate actuator steering law to obtain signals to drive the actuators.
The actuators (CMGs, RCS, or magnctic torquers) producce a control torque

on the vehicle that counteracts the disturbance torques, 'I‘d, and forces the

attitude crrors to zervo. Based on the CMG aceumulated miomentum status
and the carth's magnetice tield, the magnetic coils are energized to producce

a dipole moment which reacts with the carth's magnetic ficld to produce a
magnctic torque, ?m' The magnetic torque is normally usced continuously to

keep the CMG momentum near zero, thus, preventing CMG saturation. With
the magnetic system, the RCS is not used in normal operational modes after
the orbit has been established.  Iither with or without the magnetic system,
however, an RCS is still required for initial stabilization, control during
orbital adjust stage burn, initial solar acquisition, cstablishing the first
celestial reference, and attitude hold during checkout before and while the
CMGs arc activated, While establishing the orbit and during initial checkout
phascs, the RCOS is used continuously as required.  After the CMGs are opur-
ational, the RCS is only usced periodically for C MG momentum dump or
cmergencices,  Novrmal mancuvering and attitude control is done by gimbaling
the CMGs.

71



"weadeIp yo01q WIISAS [011U0D apmIE payridwrs  "z-y aansdty

S3INOHOL SAONVAWOD
P TVINIWNOUIANI aNNoudS
$109
wy JIL3INOVW i iy Kl
- |
“ 21907dWNa | _ | oNION3ND3S
SHILSNHHL _ ANV SNLVLS ‘NOILVOIAVN
o) soY wninawow [~ ‘30NVaIN9
. 1
tyy EEER
) '
|
31DIH3A SO ' uzBM.m__G Job,.w_,ﬂ_oo
a3IMaNs !
Iy 16 1 HO1VNLOV 5] 101N [
. - -
b e e e e e o _
H31NdWOD TVHLIN3D
—~  SHOSN3S

T S R |

L

72



APPENDIX B. EULER'S EQUATIONS FOR HEAO-C

The dynamie equutions which govern the rotational motion of a rigid
HEAO with lour skewed single gimbal CMGs are obtained hy cquating the time
derivative of the total system angular momentum Lo the sum of the applied
torques:

~

= N T =
H - > T(applied) = T -~ (B-1)

m g

The applicd torques are due to environmental lorces such as gravity, acrody -
namic and clectromugnet interactions, and to onboard actuators such as reac
tion jets which expel mass from the spacceeraft,  Simulations have shown that

for higher orbits, the dominant environmental torque is gravity gradient, T
o
o

and the others can be ignored during preliminary design studies.  Normally,

torque due to electromagnet interaction with the carth’s ambient field is very

small.  But, sincc an clectromagnet system is proposed for continuous momen-
tum management of the CMGs, the magnetic torque given by the equation

T M D (B-2)

must be included as an applied torque.  Although a reaction jet control svstem
willl he o e G v Tornae i non considered as aopart of the kuler cquations
since the sasic objechinve 1s 1o show the performuance ol the CMG svstem along
with bue togoe - :

The total svstem angulur momentum is composed of two parts: that due
to the spacecralt waotion and that duce (o the CMGs.  The spacceeraft angular
momentwn 1 tne product of (s inertia tensor, 1, and angular rate, ..

\

S R . (B-33)

For study purposes, the products of inertin are assumed to be zero, in which
ase



is the vector form of the spacecraft momentum relative to its reference coor-
dinates. The CMG momentum has previously been derived in the spacecraft
reference coordinates as:

H =hi +hj + hk , (B-5)
c Xr yr zZr

whose components are given by equation (28). The total vehicle momentum is

A =H + H ; B-
Ht v HC (B-6)

The time derivative of any vector relative to inertial space is equal to
its derivative relative to its reference coordinates plus the cross product of
the angular motion of the reference coordinates relative to inertial space and
the vector. The angular motion of the spacecraft body reference coordinates

is given by
O =wi +wj + wk . ‘ . (B-7)

Selecting body reference coordinates as a basis in which to perform the vector
operations, equation (B-1) becomes

fi - (&7 + o xH =T +T -
(Ht)inertial ( t)reference @ Ht m Tg (B-8)

or

A +o@x0 +H +ox0 =T +T . (B-9)
v v C C m g

Performing the indicated vector operations produces the Euler equa-
tions for HEAO-C. The vector components of equation (B-9) produce three
equations which govern the rotational motion:

I w +(I -1)w w +h +h w -h w T +7T
X X zZ y 'y z X Z y y z my gx
I & +(I -1)w w +h +h w -h « T T - (B-10)
y y X z' x zZ y X z VAN my oy ) .
R |
1 & + (I _I)wvu'.“ﬁ +h w -h « T - T
Z VA y X Xy VA yX \} mz gZ
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As derived in the main text, equations (28) and (30),

h,\: S (e, o s, o hSay - b Say)
h\ oo SR «ui(h,Soy - hySa) , (B-11)
h/ h,Coy - hCapo- &(hSap - hSay)

o
I;.\‘ .‘i)lbll O " S Ca, - a h,Co (]‘;hl('(rl)
B CdLUECaL o hSa o ah (sCa (B-12)
1.1[ S g e ‘o S, - v D, CpCary - a hysany

arc the CMG momentum qnd torgue components.

The sravity forge comnponents are given by

1 TR ST HEN
IR | . ‘ /

T s ", i - i IR I B- 13
2 S I, ‘S , (B-13)

where 10 oy and o sre e campunoits ol the local vertical unit vector pro-

jected e e i caordineites and e is the orbital angular rate.
0

The noatecler toa cae i s, cuination (B=2), are

‘| AV - sl b
mx A A PO )
{
1 i b ; s {(ii-11)
i \ /
i i v ’
I8 \ \ ]
where MO0 a0 0 00 b ave the electomagnet dipole components ant b
S \ Z\ ~ S
and B aic the corth’s roagnctic Held components, all expressed in body
coordinales.
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The spacecraft is related to solar inertial coordinates by a Euler angle
sequence. The solar coordinates are defined by having the Xs-axis pointing

to the sun, the ZS-axis perpendicular to the ecliptic plane directed northward,

and the Ys—axis completing a right-hand triad in the ecliptic plane. The trans-
formation between coordinates is derived by first rotating about the Xs-axis

by the angle ¢ , then rotating about the once transformed Yé—a.xis by the
angle 6 and, finally, about the twice transformed Z'S'-axis by the angle ¢ . In

vector matrix form,

X =B X . (B-15)
r rs s

The elements of B (a 1, 2, 3 rotation order) are

By = C6 Cy
Byy = Co Sy + So 8¢ Cy

Bz = S¢ Sy - Co S Cy

By = -Co Sy

By, = CHOCY - SO S Sy . (B-16)

By; = SO C¥ - Co SO Sy

By = SO
B32 = —SO CG
B33 = CO Co

The body angular rates, equation (B—7) , are related to the Euler angular rates
by the kinematic relations

W

L = $COCY + dSy

9Cy - pCASY ) (B-17)

S
i

zL+<}SSO

€
It
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The inverse relations are

Y T PR (B-18)

Aelditions s coordimatos and transtormations hetween coordinates are required
to geacsate the carth’™> magnetie lield and the local vertical vecetor components.,
These cee contained in the HHEAOZA summary report NASA TMX-53976 | 1] and
the simudation dotiniiion documoent preparved by Computer Sciences Corporation,
Huntsvitio, Subanas 191, Also, additional inlormation on the transformations
and gravity torque are contained in NASA TMN-53529 | 10}.

For studv purposes, the HEAO body reference coordinates are defined

by X winet i~ perpendicalare to the hard-mounted solar panels, Y which is
r r
along the axis ol minimum incertia (long axis), and % which completes a
v
vight-hand triad. When the Fuler angles arce zcro, the body reference and
solar coordmates are aligned.  Vehiele pointing performance is measured by

the soliar offsct angle, &, the target pointing crror, & , and the spacecraflt
S D

angudre et e,

P e b b Lo e giiven by
1

0 cosT ) o (o - gy (13-19)
and the v o soline crror by

o LA RS (R B (B-20)

8 . ¢
whoere o, 0, g arethe commanded Puder angles required for targoet

(‘ . e

pointie the fong spoceeralt asis to an experiment target source.  The total
Spaceerait pabihite s commonlv reterred to us jitter, is given by

(0 o oy . (B-21)

the roli shout toe Tince-oi=s1001, fons obsorvatory AXis, is given by

5 RO . (B-22)
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During normal operations, the HEAO-C performance requirements are

58 = 37 degrees
5 = 1 arc minute

5 = 5 arc minutes

w = 1 arc second/second

78
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APPENDIX C. PERFORMANCE SIMULATIONS

INTRODUCTION

Adigital computer program was written to simulate the dyvnamic behav-
for ol e THEAO-C spaceeeralt in a cireular carth orbit. The program is basic-
ally o modilication of the program [9] used for HEAO-A with the addition of
CMG o dvnamics wand steering law.  The equations which were programmed were
Fuler™s equations Tor rotational motion about the principal observatory hody
dxes, buler's kinematical relations which relate the observatory hody princi-
pal axes to the solar reference, transformational matrices which relate the
environmental forcees to the observatory body axes, control logic which relates
the HEANO spaceeraft’s wttitude crrors and rates through appropriate feedback
guins to applicd torques ahout the observatory body axes, a spherical harmonic
expansion of the earth's magnetic field, CMG dynamices, several selected
steering faws, and magnetic control torque logic for CMG momentum manage-
maoent.

For aaded realism, the progean: includea all natural inovenients wnich
could alfect the spucecerattUs attitude motion. These movements include the
carth’s revolution about the sun (1 deg/dan), regression of the ascending line
of orbital node (6 deg/dav) and the carth's rotation (360 (log/(lzl_\'). The environ-
mental lovees acting on the spaceciall were aravity gradient, aerodynamic,

NEETE

The domioot cinironmeental torguc s that caused by g.g. effects. To
simalute the gonviey torque, the yeclor components ol the local radius veetor
must be projected into bhody coordinaies.  The clfects of orbital position, incli-
mation, orhbital voegression, time of vear, and position of the ascending line of
nodes were considered in deriving the required transformational matrices.

The mugnitude ol the g, g, torque also depends upon the vehicle inertia prop-
erties, in particular the difference hetween the inertia values. Both spacecraft
inertia valucs and orbital conditions were selected such that the g.g. torque
attained its maxinuen value.

Flgure ¢t idusteates o shmplitied block diagram of the HEAQ-C digital
simulation.  The simulation contains o nonlincaritics: (1) limits on the
CMG gombal e (2) limits on the CMG simbal positions, which are not
showas L0 Timits on cach position Tecdback channel (not shown) ; and (4) limits
oo the clectromagnet dipole momaents. During the simulation runs, the limits
sl CX gimbal positions wore coiot o Sine tne CMGs were assumed to
have unlimited angular positions.

79



‘weadelp }oo1q uonrWIg °1-) 2InJig

NOILVIN3IHO SHILIWVHVYd
3701H3A O O V11840
Y Y r- - - ==
3NDHOL B AQO8 OL JIHIN32039 | , LV Q1314 OVW |
6, 9D ‘N3O ~ oy SNOLLYWHOASNYHL M onc™™! sHiyva 'Nao
+ l“ (4313WOLINDVYIW
+ A‘ —
(8XW) INDHOL | $3704d1a SANVWWOD
Wy JI1LINOYW 'N3ID T C LN ) 370413 1100 %3
— e e e 4
SINDHYOL TVLNIWNOHIANI
\
(SOHAD ‘SHOSNIS) (31D21H3IN)
) - : < S.O9ND -
T34 JILVYWINI M 03 H31N3 H'H -
->.x>>
~.>~xe
| tdoyy3a3ANLILLIVY) MV ONIY3ALS LIWIT 31wy
MV 10H1NOD N - OWO _sﬁ 319NV DWD TP

SANVININOD
IaNiiilv

80



Parameters and Cases Simulated

Corvins e unrtived in the simudation for base runs are listed

209 =l Lt Jong (pointing) axis inertia

S2 119 slug-fL8, intermediate inertia axis

S0 Gt slu T, masximum (sunward) inertia axis

2itoan ., orbital altitude
200 dew, bt inelinaoon
270 der s winter solstice time ol vear

morning termouitor line ol nodes

S0 dea, poxition of Greenwich meridian relative to Aries

20t dhesec, momenfam per CMG
ot diole Tt

Goovetes posthion Toodbnel z2ain

SO00 N i position feedbaek gain

SUana S s poesdties focdbnel oain
iz, Nerds rate feedbnel gain

S, Yeoxds vate fecdbaek gain

S hs, Aens ite Teodbaek gain

1O T o, Neaxis position feedbacek Timit

A7 b Do, Yeasis position teedbacek Himit
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L = 481 ft-1b/rad, Z-axis position feedback limit

zm

c'vl = 1 deg/sec, CMG gimbal rate limit

Km = 0.01, magnet dipole gain for momentum dumping

B = 53.1 deg, CMG skew angle

Kc = 1.0, magnet dipole gain for direct torque if two CMGs have
failed

More than 100 cases were simulated for various HEAO-C configurations, orbi-
tal conditions, and control gains. Utilizing the base run parameters, with the
g.g. torque near its maximum value, six CMG steering laws were evaluated.
On the basis of this evaluation, the pseudo inverse steering law is recommended
for HEAO-C. Most of the simulation results shown are based on the pseudo
inverse CMG steering law and all on one set of the base run parameters. Dur-
ing the study period, several configurations were evaluated. These were a
HEAO configuration with distributed subsystems, a configuration with a sub-
systems module, and several configurations which had the orbital adjust stage
(OAS) attached. The inertia values shown above represent a growth version
of the HEAO with distributed subsystems and with the OAS attached.

The feedback control gains were selected to give a damping ratio of
0.7 and a natural frequency of 0.314. The corresponding time period is 20
sec and the system time constant is 10 sec/rad. As shown in Reference 11,
the pointing error is proportional to the disturbance torque magnitude and
inversely proportional to the position feedback gain. In essence, the greater
the required pointing accuracy, the higher the feedback gains. Introduction of
integral position feedback permits the use of lower position and rate gains.
However, HEAO-C pointing performance can be obtained with only position and
rate feedback terms in the attitude error signal. As an alternate, electro-
magnets are used to dump the accumulated momentum against the earth's mag-
netic field. In this case, the magnetic loop also provides integral feedback of
the attitude error signal which improves vehicle pointing performance as an
added bonus. The objective of the attitude error signal is to formulate some
desired vehicle torque command.

The objective of the CMG steering law is to convert the torque com-

mands into CMG gimbal rate commands. When the CMG gimbal positions are
moved, a corresponding change occurs in the CMG momentum vector, hence,
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producing a control torque which acts on the vehicle to counteract the disturh-
ing torque due to the environment. Ideallv, the steering law should make the
CAls nrodiuee e thv the torque which s commanded,

SO the s=hmuolotion data have been plotted as a Tunetion of orbit time as
mecasuees trony the ascending Tine of nodes, which tor all cases shown is at
the moening terminator. At o circular altitude of 270 nautical miles, the
orbutal care i 110502 00 107 pad sce with o period of 3686 see. The orbital
(e is seaded in 1000-sce increments on all graphs,  The time step used in
the disito] sihmadation was 0.5 sec; that is, at cach hall-sccond of orbit time,
the cquations in the simulation were solved. The printout was on cach 50-sce
interval.  Atthough not important for attitude control purposces, the minimum
period of vrbital darkness is about 26 minutes per orbit and the maximum
about H6ominutes. There are about 15,2 orbits per day.

he vehicle performanee is measured by three Fuler angles: ¢ about
the suntine (N -axis), 0 about the once translormed solar Y -axis, and ¢
8 S

shout the twice transtormed solar XH-,:I.\is. For smuall angular deviations the
Fuder angles o 0o 0 and O corrospond to rotations whout the spaceeraft Z\‘,
_\’\v, anel ‘.\ dves cospectivelyve The pointing performance is measured by the
angle hobween the Tong spoaceeralt axis (.\\‘) and the desired target and is given

b

I

viters e ahsorint eomndientes il comraanded rotations required to point to
e sceleciod Gorvets The voll ervor b abont the target line-ol-sight (experi-

( oo s l“) l
N, v
wheeo ot ihe bady nngalay rates To oeet HTEAO performance requirements,
the v o st e dess than L oaee min pointing, 5 are min roll, and 1 are see/



Response Capabilities

The maximum vehicle maneuver capabilities are determined by both
the CMG system torque and available momentum for making the maneuver.
Assuming 250 ft-1b-sec per CMG with the gimbal rate limited to 1 deg/sec,
each CMG has a torque capability of 4. 36 ft-1b. Utilizing a four-skewed CMG
configuration with a skew angle of 53. 1 degrees, the maximum torque per
vehicle axis is about 14 ft-1b on the sun pointing axis and 5 ft-1b on the two
transverse axes, as shown in Table C-1. The maximum rotational rate
imparfed to the vehicle is 2. 66 rpm about the axis of minimum inertia
(Xv—a.xis). On the sun pointing (ZV) axis, the momentum capacity of 800 ft-1b-

sec allows the CMGs to spin up the vehicle to 0. 109 rpm. Several runs were
made with HEAO-C operating in a spinup mode similar to that required for
HEAO-A. In all cases, HEAO-A performance requirements [ 1] were attained
with a wide margin, Maximum CMG torque on the Zv—axis permits rapid move-

ment about the sunline for initial spinup or for small maneuvers about that
axis as in normal HEAO-C operation. In case of unusual mancuvers, as in
solar flare viewing, the spacecraft could be rotated about the Yv—axis by 90

degrees. If a time optimal maneuvering command were issued, the rotation
for this antisolar viewing would take about three minutes plus another three
minutes estimated for settling out time to attain HEAO-C pointing require-
ments. This gives a total time of about six minutes. However, a time opti-
mal maneuver scheme was not incorporated into the HEAO simulation and this
is an area for future study. Normal maneuvers of 90 degrees or less were

TABLE C-1. VEHICLE RESPONSE CAPABILITIES
CMG Momentum | CMG Torque | Max Turning | Time for 180 deg
Axes (ft-1b-sec)? (ft—lb)b Rate (rpm)© Turn (min)
XV 800 5.24 2.66 2.18
Yv 800 5.24 0.110 6.54
z, 800 13. 95 0.109 6.59

a. Four 250 ft-lb-sec CMGs skewed at 53. 1 degrees.

b. Max torque with gimbals at null; 1 deg/sec gimbal rates.

c. At CMG saturation.

d. Time optimal maneuver, settling out time not included.
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satisfactorily condieted throuoh the HICAO simulation by position commands
oniv. ek position tecdiael channel was limited to 20 deg/min cquivalent
spicceralt cotiiion peo criss The trme roquived to go from one X-ray source
to another ¢ <hort tor o anelo mancuvess aod the CMGs do not have time
(O pemeh ctaection, Neonnd pointing mancu ers can be made by position
comrounds onlyv, withovt wtilizing o more complicated time optimal scheme.

Orbit Ernvironmental Conditions

Alttsourn e coscoswere run with the orbital parameters as variables,
the siiendo oo o ity 1o e =hown are abl tor onlyv one (vpe orhit so that cach
gtecrin: beoocn o oot under the saae environmental conditions. The

orbit ot 0t ndations relative o the solar relerence coordinates
are shove v 0o T o0 T e s at its winter solstice position (A 270
degroeos!, the oo Done U noddes Is ot the morning terminator (9 180

degrees), ol the oo b foot wbeeong Bas it porth magnetice pole tilted toward
the srin v Cohe o i bhe spacoar it e oviented with its 2 ~axis
v

pointing ta th T L T ¢t hvedtcd novthward perpendicular to the

A

celipiic plove, el di 0 cuiseocs topdetie: oo eiad io the eeliptie plane,  With

this trpe Gl et veb b o bont oy e geavily gradient disturbance torque
i ‘ ‘ L aaenitdn component appears on
the oo I F A ool i By the greatest polential for

Dae it i s aation Wil saturate the CMGs

QUICS 1 i oy i 1 o Tophesenin ool case lor attitude hold,

i : oo s e s co e v ector components and magni-
tude vobiie s e ba s atey b e s o dt-1h, The Y —component is
\
Piivse v o b e s v b, o ab Thy Othio e orbital conditions,

however, coa crse v Siasod toruae o e e on either the X - or 2 -axis,

v v
or to he prae bt ey o e wiaedd s osts . Boththe XOoand 720 axes

\ v
Dty - e b et gy due b o velr b cmeteyyy the N =component is

\

neav scee. e b ol the aogy torues e abond va i o ft=1b, The vehicle's
pointing crioy s oiecctlhs proportiond tooo b oo With wocontrol system that
performs wodl, e pointing creor Uilaes oy he Shape of the disturbanece torque,
The obseryvitols o s conpedenis corresponding to the torque shown in

FFiguve C= e shovvn i Pagnne O -0, ont i X\‘-Al.\'js synnoetry both the g.g.

torque and monoentant o near 2o o on et axds. The evelie 24 -axis torque
v



produces biased but cyclic momentum. However, the biased Yv—axis torque

produces a linear buildup of momentum with time that will eventually saturate
the CMGs. This momentum buildup over a period of time is denoted as secular

NORTH Zg 1 PEP

Ys
X
v T 2,-POP
IN INERTIAL HOLD FOR
| MAX GRAVITY TORQUE /
| Xy=Z, Y=Y AND Z =X, ’
.
i w s
| ° s
>
Z, - - -

A=270° Q =180°
t =285° e =235°

ECLIPTIC PLANE

EQUATORIAL PLANE

EARTH AT WINTER SOLSTICE ORBITAL PLANE

Figure C-2. Solar reference, standard orbital position
and spacecraft orientation.
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momentum and must be dumped to prevent CMG saturation, As shown, the

secular momentum is 405 ft-lb-sec per orbit and, as previously shown by the
CMG momentum envelope, four 250 ft-1b-sec CMGs produce a maximum cap-
ability of about 800 ft-1b-sec in the Yv—axis direction. Therefore, if momen-

tum is not dumped, the CMGs will saturate in about two orbits. Computer runs
verified the CMG saturation time. If, however, the CMGs' momentum size
were doubled to a value of 500 ft-lb-sec per CMG, then, under worst-case
conditions, about four orbits are required to reach saturation. One general
problem area for future study research is to investigate techniques for dumping
only the secular momentum without also dumping the cyclic portions. Starting
with zero initial conditions, the CMG momentum components are identical to
the g.g. momentum up to saturation, at which time the two diverge.

The Earth's Magnetic Field

The earth's magnetic field is generated by a subroutine, "B-Field, "
For proper operation, the spacecraft's latitude and longitude relative to the
Greenwich meridian must be input at each time of calculation, along with the
altitude and the time of year. The B-Field outputs are the vector components
and magnitude of the earth's magnetic field relative to a geocentric coordinate
system (eastward, southward, and outward directions). The parameters ) |
2, and Qe , and the orbital position are used to calculate the latitude and

longitude. The B-Field outputs are operated upon by appropriate transforma-
tions to obtain the field components in solar and in spacecraft body reference
coordinates. Essentially, the B-Field? and its subroutines perform the
functions of a magnetometer tor nmeasuring the carth's magnetic field in body
coordinates,

Figure C-5 gives the components of the earth's magnetic field for the
standard type orbit predominantly used during the simulation. The year 1974
was used as a reference for calculations. The southward component is always
negative since the field dipole is directed from south to north, Near the
magnetic equator at orbital times 0, 2800, and 5700 seconds both the eastward
and outward components are near zero. Since the orbit starts at the morning
terminator and the north magnetic pole is tilted toward the sun, the maximum
outward component, Br , 1s altained at an orbital time corresponding to

2. The B-Field, with its spherical harmonic coefficients, digital program
can be obtained from the National Space Science Data Center, Goddard Space
Flight Center, Code 601, Greenbelt, Maryland 20771,
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B-FIELD (GAUSS)
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Figure C-5. B-Field in geocentric coordinates versus orbital time (10% see) .

about one-fourth (1400 see) and three-fourths (4400 sec) orbit. Since the
spacecraft's latitude (Fig, C-6) only attains 28, 5 degrees (equal to its orbital
inclination) the southward component never goes to zero, However, the cast-
ward component is always near zero. The spacecraft longitude did not atinin
a value of 180 degrees during the orbit because ol the carth's rotation of

about 23 degrees per orbit, Both the spacecralt's longitude and latitude are
shown in I'igure C-6 with the corresponding B-Ficld outputs shown in Figure
C-5in gauss units,

The B-Field components shown in Figure C-5 are projected into solar
coordinates and from there to obscrvatory body reference coordinates by the
Luler angle sequence shown in Appendix B, The carth's magnetic lield com -
ponents, as would be measured by an onboard magnetometer, are shown in
Figure C-7, The sunward coniponent Bz is, in this case, always negative

and attains a magnitude of -0, 39 gauss, the northward (perpendicular o the
ecliptic) component, B, is slightly biased positively with a maximuwm vilue
X

of 0,26 gauss, and the By component in the ecliptic planc perpendicular to

the sunline is near-cyclic, The maximum field magnitude is 0, 43 causs at
4406 sec and the minimum is 0, 24 gauss at 2700 sec. The minimun. occurs



LAT. AND LONG. (DEG )

EARTH’S MAGNETIC FIELD (GAUSS)

180

90

-90

-180

0.4

0.3

0.2

0.1}

LATITUDE

LONGITUDE

Figure C-6., Spacecraft longitude and latitude versus
orbital time (10% sec) .
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Figure C-7. Earth's magnetic field components in vehicle
coordinates versus orbital time (10° sec).



when the spacecraft crosses the equatorial plane which is also near the
magnetic and equatorial plane line of nodes, The maxima occur when the
Latitude is greatest, at about the one-fourth and three-tfourths points ol the
orbit. The components given are for a standard reference. However., by
reorienting the vehicle, completely different values could be obtained. But
the total magnitude curve, B , would remain the same regardless of
orientation because it depends only upon altitude and position of the center of
mass in orbit,

CMG STEERING LAW SIMULATION

The Constant Gain Steering Law

The corstant gain steering law was the one first implemented bhecause
ol its simplicity., The CMG gimbal rate commands arc

KT KT
o l\A X I\B IC/ ’
e g -K_ 1

e R v oex K cy
| T - K
’ A N \B cs
and
I - .
N By cy
where
I\IA - =0,00125047
and

KB -0,003533111
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POINTING ERROR (103 DEG)

for a skew angle of 53,1 degrees and 250 ft-lb-sec CMGs. Because the gains

K A and KB have been derived to linearize the system when operating about

the CMG null position, pointing performance is expected to deteriorate when
the CMG gimbal angles get large. Figure C-8 illustrates typical performance
obtained by using the constant gain steering law. As long as the gimbal angles
are small, the pointing error is about equal to that obtained with the pseudo
inverse. On the first half-orbit the peak error is less than 0.07 arc min and
the gimbal angles (Fig. C-9) are less than 45 degrees. As the gimbal angles
become larger during the second half of the orbit, a corresponding increase
occurs in pointing performance. At about 4400 seconds, gimbal angle number
3 attains a value of 90 degrees at which time control is lost and the system
diverges. At this time, the CMGs have only accumulated 338 ft-lb-sec
momentum (Fig, C-10), Using a constant gain steering law, less than one-
half of the total CMG momentum can be used for control purposes. For the
HEAO inertias and CMG size, momentum would have to be dumped each
half-orbit to prevent the gimbal angles from becoming too large. By increas-
ing the momentum per CMG to 500 ft-lb-sec, excellent control over a full
orbit under worst-case conditions could be maintained without dumping CMG
momentum,
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Figure C-8. Constant gain pointing performance,
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POINTING ERROR (10 DEG)

Using three orthogonal electromagnets to generate a magnet dipole
which reacts against the earth's magnetic field, continuous CMG momentum
dumping is provided. As shown in Figure C-11, the pointing performance
improves considerably by using continuous momentum dumping by magnetics.
The peak error is 0.022 arc min at 4500 seconds. The gimbal angles (not
shown) deviate less than 4 degrees from their null position, As long as the
gimbal angles are less than 15 degrees, the constant gain steering law
performs as well as the most complicated laws or the pseudo inverse. The
accumulated CMG momentum is shown in Figure C-10 for the constant gain
steering law, both with and without continuous momentum dump. Without
magnetics, the momentum value is 338 ft-lb-sec at 4400 seconds after which
time control is lost, the vehicle rotates violently, and the momentum is
absorbed by increased vehicle angular rates, With magnetic dumping, the
accumulated CMG momentum is less than 30 ft-1b-sec, indicating that very
small CMGs could have been used for pointing control.,

RUN C-2
4l M =04 0.022 MIN

b

o 1 1 1 4
2 3 4 5 To

ORBIT TIME (103 SEC)

Figure C-11, Constant gain pointing error with magnetic momentum dump,

Maximum Contribution

The maximum contribution (MC) steering law has been derived such
that each gimbal rate is commanded independently of the other gimbal rates
or positions, The steering law is
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arc constants that have been derived to provide unity gain through the CMG
loop.

saty e o0 sleering baw, cach CMG gimbal rate is commanded
Cas 0 toqe vove contralling) to contribute as much as possible to the
conununded torque, Simualutions indicate that when the gimbal angles get
large, certuin combinations of angles can momentarily prevent the desired
torque o Bedng praduced without also producing unwanted torgue contpo-
nents that wiit distuch the pointing accuracy. This is indicated in Figure C-12
by run aumber MC-6s: All the CMGs are operating and no raomentwn is
hoing dumped, AL GO0 seconds, the pointing error is 1,26 are niin wineh
exceeds HEAO-C pointing specilications,  The roll crror atiains a peak
amplitude of 4,45 arce min, However. by using higher feedback guins, the
crror can he reduced to an acceeptable value {shown by a later run nol included
hovciny. Niter the peals error acceeptable performance wis maintained
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corers. the chobal anglo~. Shown in Fignre C- 13, are changing rapidly,
Mitcr one crbit, the thivd gimbal ancle attains a value of 142 degrees, The
otbea o de sl odeviate constderably Trom their null position, The CMG
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CMG GIMBAL RATES (10*RAD/SEC)

gimbal rates are all hard limited at 1 deg/sec (0.017453 rad/sec) . However,
the limit is not approached during normal attitude hold modes, The gimbal
rates shown in Figure C-14 correspond to the angles previously shown in
Figure C-13, These rates are typical for all steering laws (except the trans-
pose with torque feedback). In this particular run, a peak value of 0.055 deg/
min, occurs at 4500 seconds,

16 a4 = 0.055 DEG/MIN —ry
*

RUN MC-68 / \

p=y
N

(-]

Iigure C-14, CMG gimbal rates with maximuwn contribution steering,
te] o D

CMG number 3 was failed by setting its momentum to zero., However,
no change was made in computing the gimbal rate command for the remaining
CMGs., They were initialized to a new zero momentum state by setting
=90, oo = 56.4, and «,= -56.4 degrees. The resulting pointing per-
formance is shown in Figure C-15. The three CMG system hit a gyro hang-up
condition at 4100 scconds after which pointing control was lost. Before satura-
tion, both the gravity gradient and stored CMG momentum are identical but
differ once the CMGs have saturated. As shown in Figure C-16, about 300
ft-1b-sec have been stored in the CMG system when control was lost. The
momentum cnvelope for the three CMGs shown in Figure 7 has an indenture
centered around the gimbal axes of each CMG, at which point the maximum
momentum is only about 368 ft-lb-scc ulong a CMG gimbal axis. The CMGs
have been driven into ghu near this minimum momentum state.
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POINTING ERROR (10%DEG)

Additional runs in which other CMGs were failed indicate that the
HEAO performance specifications can be met using any three CMGs, In each
case the CMGs must be initialized to a new null state. It, however, a full
orbit under worst conditions must be attained before CMG desaturation or
gyro~hang-up, the CMG momentum must be increased to 500 ft-1b-scc per
wheel. Runs with the momentum per CMG raised to 500 ft-1b-sec illustrate
that the gimbal angles stay relatively small over one orbital period, even with
onc CMG failed, and both pointing and jitter specifications are more than
satisfied. If more than four CMGs arc used, the induced cross coupling
effects (see Figure C-12 at 4600 seconds) become less and the maximum
contribution steering law performance is enhanced. The MC offers maximum
growth potential because more CMGs can be added without altering the basic
form of the steering law or the mathematical manipulations,

With the addition of magnetic torquers tfor CMG momentum manage-
ment, the pointing improves by a factor of about 100 and the jitter by a factor
of 4, As illustrated in Figure C-17, the maximum peak values are 0, 022 arc
min pointing, 0.16 arc min roll, and 0,19 arc scc/sec jitter, The gimbal
angles stay less than 4 degrees over the orbit and the magnetic system dumps
about 400 ft-lb-sec momentum. After tailing any CMG. the magnetic system

I RUN MC-69

0.022 MIN

ROLL = 0.16 MIN
JITTER = 0.19 SEC/S

0 1 1 1 1 1
4

Figure C-17, Maximum contribution performance with
magnetic momentum dump,
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will automatically force the CMGs to a new null position. No reprogramming
or changes are required in the MC steering law. After finding a new null, the
three-CMG system with magnetics performs the same as the four-CMG
system shown in Figure C-17, If two CMGs are failed, direct magnetic
torque must be used in addition to magnetic momentum dumping for control

of a vehicle axis, Most of the time, HEAO performance requirements can be
maintained, However, there are short time intervals of about 50 seconds
during some orbits that 1 arc min pointing is exceeded. The MC steering law
with magnetics is the simplest way of.providing fail operational capability,

In run MC-102, CMG number 3 and number 4 were failed by setting
their momentum to zero. No changes were made in the steering law, nor
were the remaining two CMGs set to a new null position. Without magnetics
the program diverged, There was an initial momentum of 250 ft-lb-sec on
both the Y and Z axes that produced initial vehicle rotations, The two opera-
tional CMGs could not correct the situation without additional torque from
either the RCS or bar torquers. In the next run (MC-103), the magnetic
system was used to provide both direct torque and CMG momentum manage-
ment, The performance is shown in Figure C-18, During the first quarter
orbit, the CMGs are automatically driven to a new null position by the magnetic
system, during which time the initial pointing error is about 0. 16 degree and
the roll error peaks at 15, 6 arc min at 1000 seconds. The new null position
is with CMG angles «y =~ -59 and q,= 59 degrees. At these angles the
CMG momentum vectors are opposite each other on the intersection of their
momentum planes, The axis that cannot be controlled by the two CMGs is
approximately aligned with the momentum vectors at their null position, The
magnetic system must provide torque about the uncontrolled axes. After the
new null is attained, the peak errors are 0.48 arc min pointing and 0. 36 arc
min roll, The jitter is well within the bounds specitied for HEAO, The CMG
gimbal angles are shown in Figure C-19. Dashed lines represent the null
position for the two operational CMGs. The angular excursions from the
null are less than 10 degrees once it has been established. The accumulated
CMG momentum oscillates proportional to the gimbal angle deviations with
peak values of about 100 ft-lb-sec (not shown).

The maximum contribution is the only steering law that provided fail
operational capability when any two CMGs were failed. No logic is required
to detect the failures and no modifications to the steering law are necessary
with magnetics. The magnetic system permits any CMG-out type failure
without any detection and logic required to define a new CMG null position,
With the MC steering law, each gimbal is commanded independently of the
others; therefore, no modifications are required when any CMG fails,
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Pseudo Inverse Steering Law

Typical performance with all CMGs operating using the pseudo inverse
(PD) steering law is shown in Figure C-20, The maximum deviations are
0.062 arc min on both the experiment and solar pointing axes and less than
0.004 arc sec/sec jitter which clearly meet HEAO-C specifications, No
momentum has been dumped. As a result of secular g, g. momentum, the
CMG gimbal angles get rather large. As shown in Figure C-21, gimbal
angle number 3 attains a value of 142 degrees at the end of one orbit, To ,

while CMG gimbals one and two reach a magnitude of 82 degrees. Although
not shown, saturation is attained near two orbits with «; = -90, oy = 180,
a3= 90, and ay= 0 at which time control is lost.

Using the pseudo inverse steering law, the vehicle angular rates stay
very small, consequently the pointing performance is very smooth, The
pointing error (Fig. C-20) has the same shape as the gravity gradient dis-
turbance torque (Fig. C-3). The momentum accumulated by the CMGs is the
same as the gravity gradient momentum shown in Figure C-4 but opposite in
sign, and total magnitudes are identical until the time of CMG saturation after
which the two diverge and pointing control is lost. CMG saturation also
corresponds to gyro hang-up and to a mathematical singularity in the steering
law algorithm. Using the pscudo inverse, those gimbal angle combinations
which produce gyro hang-up will also cause the determinant of the |CC*|
matrix to go to zero. Although there are an infinite number of CMG gimbal
conditions that can produce gyro hang-up internal to the maximum momentum
envelope, these conditions were not encountered under normal pointing condi-
tions. But by replacing the cyclic g.g. torque by a properly directed constant
torque, gyro hang-up could always be encountered. Much more work is
needed to characterize the gyro hang-up problem associated with SG CMGs
and to assess its impact on vehicle pointing performance.

With the addition of electromagnets for continuous momentum dump,
the performance improves by about a factor of four, as shown in Figure C-22,
With the magnetic torquers sized at 0,4 ft-lb/gauss and a magnetic loop gain
Km equal to 0.01 sec'l, the maximum pointing error is 0,019 arc min,

Since momentum is being continuously dumped, the stored CMG
momentum stays near zero. Consequently, the CMG gimbal angles, shown
in Figure C-23, deviate less than 4 degrees from their null position, Both
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the gravity gradient and the accumulated CMG momenta are shown in Figure
C-24, The difference between the curves represcents the momentum that has
been dumped by the magneltic systein, about 400 [t-1b-scce per orhit, The coil
dipoles, shown in Figure C-25, have been hard limited to 0,4 (1-1b/gauss and
commanded proportionally to the vector components ol the stored CMG
niontentuny,  The dipole commuands were derived in Appendix A, As noted,

the X -uxis component saturates during the orbit, By decreasing K to
v h m

0,001, the coils do not saturate, but not as much momentum is dumped and

a corrvesponding increase occurs in CMG gimbal angles. The pointing per-

formuncee is relatively unchanged, However, by increasing K to 0.1, all
m

the colls reach saturation values.,  Both the stored momenta and gimbal

angles stay near zcro, but the pointing perlormance is degraded slightly,

Using still higher K vilues causes the coil dipoles to react in a bang-bang
m

manner that produces a magnetic torque which greatly degrades the pointing
perlormance., Based on severad runs in which K was varied, a magnetic
m '

loop gain ol 0,01 is recommended for continnous momentum dump, Figure
C-2¢ illustrates the magnetic torque applicd to the spacecratlt as the result of
the coil dipoles shown in Figure C-25, The components of the magnetic torque
are about equal to that of gravity gradient in both magnitude and shape,
indicating that the magnetic system js, indeed, counteracting the environ-
mental torque, leaving the CAMGs with relatively little to do.

e seds o o obeat the experioieas axes Clong vehele axis) is shown
Sl 2o A ithoal maghictios, e volt crror peades at about 0, 072 arce
min, bat Gith mavnetices it inereases to 0,4 are min. These data are in
conteon i o those genecaity observed when comparing performance with and

without the raagnetic system,  In all cases where errors about two axes were
roct-~um-=guarced Lo et the pointing crror, the use of continuous clectro-
magnetic momentum dumping improved perlformance,

CMG number 3 was failed by setting its momenium to zero, However,
no change was made in computing the gimbal rate commands tor the remaining
CMGs. and the elements ol the column vector in the CMG torque matrix
corresaonding fo the {ailed CMG were not set to zero,  Inorun PI-63 the gimbal

Jles were not injtinlized to a new autl position  position st which the CMG
monwentunt bs zero) tor the three cpevationa! CMG=,  The offect was to pro-
duce u biased momentwn conmponent of 250 ti-1b-<e¢ on the positive Y-axis,
Without magnetics, pointing control was lost after 1000 sce orbit time and
did not recover, The CMGs had to be initialized to a new null position using
the RCS system alter which control was muintained until CAaIG saturation,
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In an attempt to find a new null with CMG number 3 failed, maximum
use was made of the magnetic system by setting KC = 1 for direct magnetic

torque control and Km = 0.01 for CMG momentum dump. The results are

summarized by Figures C-28 through C-31. The magnetic system forced the
CMGs to a new null position while maintaining HEAQO-C pointing requirements.
The peak pointing error (Fig. C-28) was 0. 084 arc min and the jitter was

0.72 arc sec/sec. The new null position was attained after about 2000 seconds
(Fig., C-29) with o= 0, «y= 56.4, and ay= -56.4 degrees. As shown in
Figure C-30, the initial CMG momentum was 250 ft-lb-sec but the magnetic
system rapidly reduces it to less than 40 ft-lb-sec after 2000 seconds time.

In so doing, the magnetic system was continuously exercised and all the dipoles
were saturated at 1000 seconds (Fig. C-31), but toward the end of the orbit
were operating in their linear regions. In addition to dumping the initial
momentum of 250 ft-1b-sec, the accumulated g.g. momentum of about 400
ft-lb-sec has also been dumped. During this orbit, the magnetic torque com-
ponents which were generated attained magnitudes of 0.22 ft-ib, a value
greater than the gravity disturbance torque. With the magnetic system, the
CMGs continued to operate ahout the new null with less than 4 degrees gimbal
variation over the next several orbits (not shown). The pointing performance
was only slightly degraded from that shown in Figure C-22 with all four CMGs
operating.

In additional cases (runs PI-98 and -99) the elements of the torque
matrix corresponding to the failed CMG were set to zero. The performance
of the three operational CMGs equaled that obtained with all four operating
once the new null had been established. With-one CMG out, there are three
remaining gimbal angles and three equations that relate them to the commanded
torque, in which case an exact inverse can be used to obtain the CMG steering
law. Additional cases (not shown) were programmed with exact inverses for
three CMG configurations. Data from these cases were compared with those
of the pseudo inverse with one CMG out. The results were identical. That is,
with one CMG out, the pseudo inverse steering law reduces to an exact inverse.
Again, the simulation data agree with the theory of the pscudo inverse [8 and
12].

With continuous momentum dump, the CMGs do not accumulate much
momentum. In a subsequent run (not shown) four 25 ft-1h-sec CMGs were
used to maintain satisfactory performance. In general, the electromagnet
aligned with the axis of minimum inertia does more work than the dipoles along
the other axes. In the next run (not shown) the Xv-axis coil was failed, as

well as CMG number 3, and the pointing performance was relatively unchanged.
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However, only about two-thirds of the accumulated gravity momentum was
dumped, The system could saturate in about four orbits if a worst-case
attitude hold were maintained with one CMG and one coil failure.

With the magnetic system dumping momentum, two CMGs were failed
and, without modifying the steering law, control was lost. With two CMGs
tailed, the remaining two CMGs can provide only two-axis control. The third
axis must be controlled by magnetics or the RCS. Moreover, the pseudo
inverse must be reprogrammed. Since there are only two unknowns (gimbal
rates) and three known quantities (communded torque components), the
pseudo inverse has the form

¢’ (cro)-le

and the gimbal rates are

In this case, the torque matrix C is a 3 by 2 matrix and the pseudo inverse,

+ .
C , is 2 by 3 matrix. To obtain maximum use of the magnetic svstem, both

direct torque (K 1.0) and momentum dump (K = 0.01) commands were
e m

used to drive the coils. The pointing performance is shown in Figure C-3

with CMOCo namber 2 cd vomber 4 miled. The pointing error peaks at 2550

seconds with a value of 0.22 are min. In this particular case, the roll error
ahbout the experiment axis is 1.8 are min.  The magnetic system is providing
roll control and at 2750 seconds the carth's field is unfavorable for roll con—
trol (Fig. C-7). Both the YV and ZV axes components (By and BZ) are near

zero and the X axis component (B_) cannot be used to produce roll control
v X

torque. Therefore, at 2750 seconds, the roll axis is not being controlled and
the roll error is building up. However, this condition lasts only for about

50 seconds during the orbit before the carth's magnetie ficld changes and roll
control is re-established. Although the roll error is large compared to the
pointing crror, it is still within the 5 are min goal baselined for HEAO-C.
Additional runs were made with onlv two CMGs operational and augmented with
magnetic torques. In most cases, the HEAQ-C pointing requirements were
maintained. In those cases where the errors exceeded requirements, the
excess errors were only for veryv short time intervals during the orbit, less
than 100 seconds per orbit. It is concluded that, in all hut the most unfavorable
pointing orientations and orbit conditions, two CMGs augmented with dircet
magnetic torque can meet the HEAO-C pointing requirements.
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Figure C-32. Performance with CMG number 2 and number 4 out
using the pseudo inverse with magnetic control.

With CMG number 2 and number 4 out, the momentum vectors of CMG
number 1 and number 3 are equal but opposite in direction. The two-CMG
system is, therefore, at a null position. The variation in gimbal angles,
shown in Figure C-33, is less than 10 degrees over the orbital period and the
accumulated momentum (not shown) is less than 100 ft-lb-sec.

The Bendix Three-Gimbal Inverse

The three-gimbal inverse steering law proposed by Bendix [6] is more
complex than any of the other laws. Consequently, more time and effort were
required for simulation. The four 3 by 3 matrices were inverted by several
methods: (1) a subroutine for matrix inversion, (2) direct programming for
each inverse, and (3) an iterative technique for which the matrix elements
were updated at each time step. Each method gave somewhat different results.
All, however, produced similar trends without magnetic dump. At about 1200
seconds in the orbit, the torque vectors for CMG number 1 and number 3
became colinear causing the determinants of matrices A, and A, to approach
zero. Even though a three-dimensional space was still spanned by CMG torque
vectors number 2 and number 4 and a vector aligned with number 1 and number
3, the program diverged due to mathematical singularities. For the three-
gimbal inverse to perform properly, it is absolutely essential that singularity
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Figure C-33. CMG gimbal angles with CMG number 2 and number 4 out
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detection and avoidance schemes be incorporated into the steering law. How-
ever, (ve to the complexity of such schemes, this was not done during the
sim aation.

With the directly programmed inverse, the singularities occurred at
1200 seconds. In contrast, the subroutine for matrix inversion used an itera-
tive method and, hence, was not quite as sensitive to singularities. With this
subroutine, the program diverged at 1700 scconds. However, with the itera-
tive technique utilizing matrix element update, the determinants were not used
in ootaining the inverse. With this inverse, oscillations occurred at 1800
seconds after which control was regained and pointing performance maintained
over most of the orbit. Figure C-34 shows pointing performance using the
iterative technique. The peak error of 5.4 arce min occurs at a time (1900
seconds) just after the time the matrices would have singularity. As illus-
tratzd, the performance is not smooth and, many times during the three-
fourths orhit period, the jitter excceded HEAO requirements.

The gimbal angles are shown in Figure C-35. Notice the sharp breaks
where the singularities occurred (1900 scconds). The movements are irregu-
lar especially at 1700 and 4000 seconds, although the general trends are simi-
lar to those obtained with the other steering laws.
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Figure C-35.

CMG gimbal angles for the three-gimbal inverse
versus orbit time (10° sec).



With electromagnets inserted and used for continuous CMG momentum
management, the gimbal angles stay small, thus, avoiding the singular condi-
tion. In these cases, the performance of the three-gimbal inverse was com-
parable with that obtained by the other steering laws and, therefore, is not
shown.

The shortcoming of the three-gimbal inverse is that most of its singu-
larities are self-induced. That is, the basic law itself permits mathematical
singularities that arc not singularities for the other steering laws. However,
with a suitable singularity detection and avoidance scheme, the full momentum
envelope could probably be utilized for control purposcs. Nevertheless, the
complexity of the scheme with the associated matrix inversion procedures
appears to prohibit its use.

Transpose with Torque Feedback

The transpose type steering law is derived by taking the transpose of
the CMG lorque matrix as an approximation for its inverse.  The gimbal rate
commands are:

o = ~(C..T + C..T + C_ T )/I s
1 11 cx 21 cy a1 ez
vo= (C..T + C.T + C_T 11 ,
“ 2 ( 12 cx 22 cy 32 cz)/
& -(C C 1 - C H ,
) ( 173 ex 200y DO (/)/
and
Voo (CoT 4+ C.T o+ T H ,
“y (Cralex 21 ey T T,/
where Cij are the elements of the torque matrix, TC‘ V. g Bre the components

of the commanded torque, and H is the momentum per CMG,  Typical perfor-
mance is shown in Figure C-36. The pointing crror is 0, s wrc min, and the
roll error exceeds that specified tor HEAQ, However, by doubling the feed-
back gain on the roll axis (axis of minimum inertia), the roll error (not shown)
was less than the pointing ervor. The peak pointing errors are caused by two
factors: (1) Just before 4500 seconds, the CMG gimbal positions (Fig. C-37)
viere ver, near the gyro hang-up position of @y = -90, @y = 0, @y = 90, and
vy = 0 and (2) The nonlinear terms in the Euler equations added significantly
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Figure C-37. CMG gimbal angles versus orbit time (103 sec)
for the transpose steering law.

to the error. These terms are products of the body angular rate multiplied by
the accumulated CMG momentum. The body rates (jitter) peaked at about 0. 98
arc sec/sec with over 400 ft-lb-sec accumulated in the CMGs which produced
errors through their vector cross product terms in the Euler equations.
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A magnetic system was added for CMG momentum dump. The perform-
ance (Fig. C-38) was about 0,026 arc min pointing and 0.2 arc min roll. The
peuk jitter (not shown) was v, 27 wre sec /scce.  This performunce is not guite
as good ws that obtained with the other steering laws using magnetics, basically
heeause the torque produced per unit torque commanded is not unity. The
cimbal angles stay less than 4 degrees when the magnetic system is usecd for
CMG momentum management.  During most runs simulating normal pointing
modes, the CMG gimbal rate limits arce never attained.

RUN T2

0.26 MIN POINTING —___

0.204 MIN ROLL
,‘\ \\

7

JITTER
0.27 SEC/S

ROLL ERROR (10°2 DEG)
POINTING ERROR (10 DEG)
/
~N
_
~

ORBIT TIME (103 SEC)
Figure =58, Transpose perlormance with magnetics.

Che transpose with torqgue Teedbaek stecring law is obtained by feeding
hack the CMU torque at cach instant of time and subtracting it from the torque
commanded., The commanded torgue in only the gimbal rate cquations (steer-

ing law) arc repiaced b

1 i h .
Co N N
rr = 1T - h s
L cy 5
and
T o= T - h ,
Cz 7 z
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where h is the CMG torque vector components. Figure C-39 shows the
X, ¥, 2
pointing performance. The response is oscillatory during the first half-orbit

between 0. 005 and 0. 018 degree. The peak error of 4.7 arc min oceurs at
4700 seconds, at which time the roll error is 1. 05 degrees and jitter is 0.47
deg/sec. These data are the worst obtained with any steering law. On exami-
nation of the gimbal rates they are all chattering between their hard limits of

1 deg/sec. Although it appears that the oscillations have a period of 100
seconds, that could be a false conclusion since the data were hand-plotted from
computer printout at each 50 seconds of the orbit. Therefore the gimbal angu-
lar rates and pointing errors could be chattering at a higher frequency between
the 1000 and 3400 second period. The CMG torque feedback has the effect of
greatly increasing the control system gain through the CMG loop, by adding a
lead to the system. To properly stabilize the system, tachometer dynamics
or a lag filter needs to be inserted in the CMG torque feedback loop. However,
this was not done during the simulation, so the results obtained are not repre-
sentative of a properly operating system. The gimbal angles (not shown)
approximately equaled those shown in Figure C-37, but were not as smooth.

POINTING 4.7 MIN

RUN T3

0.47 DEG/S JITTER
1.05 DEG. ROLL

ROLL ERROR (103 DEG)
F -
T

Figure C-39. Transpose with torque feedback performance.
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Magnetics were added on the next run, As in the other magnetic runs,
the oimbal angles staved small, less than 4 degrees, over the orbital period.
However. the gimbal rates still chattered continuously but the performance
was greally improved,  Peak errvors were 0,16 are min in pointing, 1.6 arc
min m roll, and 9.3 are see/see in jitter, Data from this run are not shown,

The BECO H-Distribution

Typical performance using the BECO steering law is shown in Figure
C 0. The peak pointing error is 0016 are min at 4800 scconds and the peak
voll crroris 0,95 are min at 1000 scconds,  Compared with the pseudo
mverse CFigs, C-20 and C-21) . the performance is degraded by a factor of
10, However, in additionad runs (not shown) . the gain factor on the tourth
cimbal rate was increased trom 0, 0006 in run B-10 to 0. 001 and the per-
formance was approsximately that obtained with the pscudo Inverse,  In run
B-10. the gimbal angles (Fig, C-11) attain slightly larger values than those
shown 1 Figare C-21. At the end ol one orbit. @~ -106. ay - 110, ay = 166,
and 4 - L& degrees,  As the run continued into the sccond orbit, a
singularity was cncountered at 8000 scconds, about one and onc-hall orbits,
at which time control was lost., IFFor this run, pointing control was lost about
once—third orhit sooncr with the BECO Lw than with the pscudo inversc,

To test the abititv of the BECO steering law for distributing momentum,
; : Comoved Trom the simulation and o constant
Lot o o =t was plaesd on the Y -uxis of the vehicles Sinee there is a

GiCren i potontind ol st = The s o each iz, CMG saturation should
occut al 000 scconds i eviro hane ap s wvoideds Inthis particular situation,
the eyvre hmg—up condition fo he avoided is expected to oceur at 1500 scconds
willn ooy Yo v B . Odegrees,  This CMG orientation

i
AN

places ol the CMG torgue vevtors e .\'.\' Z  plune. smice the disturbance

\
torgpe b= pecpendecaiie Lo s place, tie commanded torque will Tollow the
disturbance so that the vector seaine product between the commanded and
CMG torgue will bhe zova, hence g vo hang-up.e Figure C-i2 iHustrates the
cvro heng-dp concdition relative to the applicd constant torque. With w constant
Lotque 1l (Pigy Co 3o, U pombing corer is also constant at 0,055 are min

bl U MG suturiation oF gubo o i,

With the BECO law, saturation ocenrred at about 4000 seconds. as
predicted, atter which controlb was fosts The gvro hang- ap condition ywas

avoided by distributing the momconiaom Berween axes. hence., the BROG
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H-distribution law performed as advocated. The same conditions were run
with the pseudo inverse law but, as shown in Figure C-43, the gyro hang-up
condition was encountered at about 1500 seconds and control was lost, The
system did not recover but stayed in the hang-up condition, The corresponding
gimbal angles are shown in Figure C-44 for the pseudo inverse and in Figure
C-45 for the BECO steering laws. The BECO law forced the fourth gimbal
angle to move 180 degrees so that the full momentum envelope was utilized.
Prior to the gyro hang-up condition, the gimbal angles were the same for
either case. However, at 1300 seconds, the BECO law forces gimbals

number 4 and number 2 from their null positions to avoid the hang-up condi-
tion, In so doing, gimbal number 1 is rapidly forced past the critical 90-
degree point, attains a peak of slightly more than 140 degrees, and then
decreases to 90 degrees at saturation., The CMGs are saturated in the
Yv—axis at 4000 seconds with « 4= 90, wa= 0, wg= -90, and ¢4 = 180 degrees,

As previously defined, saturation represents the ultimate in gyro hang-up but
cannot be avoided by any steering law, unless momentum is dumped. Control
is always lost at saturation but some cases of gyro hang-up internal to the
momentum envelope can be avoided by the steering law. The BECO law may
be directional and needs further development to prove its ability in preventing
gyro hang-up conditions.

SUMMARY

During the study, several CMG steering laws were evaluated. As long
as the gimbal angles stay less than 90 degrees, almost any steering law can
meet the HEAO requirements. With 250 ft-1b-sec CMGs, the gimbal angles
get large within an orbit, thereby, ruling out the use of a constant gain steer-
ing law. When one CMG has failed, the remaining CMGs must work harder.
With several of the steering laws (the Bendix three-gimbal inverse, for
example) the failure must be identitied and corrective changes made, After
making any required changes, the resulting steering law must be identical
to the exact inverse of the 3 by 3 torque matrix to prevent degradation in
pointing performance. Based on both simulation results and mathematical
theory, the pseudo inverse steering law reduces to an exact inverse when any
CMG is arbitrarily deactivated. With the pseudo inverse, system performance
is not degraded by using only three CMGs for control.
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To allow more than one CMG failure without affecting performance,
consideration should be given to using more CMGs but with each sized to a
lower momentum capacity. For the same total momentum capacity, six
125 ft-1b-sec CMGs would permit three failures without degrading performance.
However, with three failures, the momentum would have to be dumped about
each half-orbit to prevent saturation under worst-case environmental
conditions,

Based on estimated impulse requirements for CMG momentum manage-
ment, the fuel weights for an all-RCS dump could become prohibitive, espe-
cially for a growth version of HEAO, for which the inertia distribution becomes
less favorable. The alternative system recommended for HEAO utilizes
electromagnetic torquers reacting with the earth's magnetic field to dump
accumulated momentum. In this case, an RCS is not needed after the OAS
burn control period. Tradeoils show that the magnetic system is better than
RCS from both a weight and reliability viewpoint, Moreover, the low torque
levels of a magnetic system permits continuous momentum dumping without
interfering with experiment pointing. Simulations show and analysis has
proven that, as an added bonus, a magnetic CMG desaturation system improves
pointing performance by providing integral control of the attitude error signal
through the magnetic loop. Since CMG momentum is continuously dumped,
the gimbal angles stay small (less than 4 degrees for four 250 ft-1b-sec CMGs)
and, typically, the stored momentum is less than 20 ft-1b-sec. Hence, with
a magnetic CMG desaturation system, the CMG momentum per wheel could
be reduced considerably as compared with the present baseline size. Alter-
natively, a greater depth of CMG failures could be tolerated without degrading
performance. :

Magnetic momentum dump always keeps the CMG gimbal angles and
momentum small, permitting linear operation of the steering law. The per-
formance of any steering law is enhanced by the magnetic system., With
small gimbal angles, thc performance obtained by various steering laws was
comparable, However, once the gimbal angles get large, the performance is
usually degraded by cross coupling and nonlinear effects in the Euler equa-
tions. Only the pseudo inverse and H-distribution laws performed without
degradation with large gimbal angles. Moreover, maneuvers were commanded
with the CMGs near a saturation condition to illustrate the transter of momen-
tum from one spacecraft axis to another — one of the reasons tor selecting a
near spherical CMG momentum profile for HEAO-C.

With continuous magnetic dumping, the constant gain steering law

meets all HEAO pointing requirements and would be the simplest to implement.
The maximum contribution with magnetics offers fail operational capability.
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Even with two CMG failures, no program changes are needed, The pscudo
inverse must be reprogrammed for two CMG failures. Neither the three-
gimbal inverse nov the H-distribution steering laws permit two failures.
Although the transposc with torque feedback is similar to the MC, CMG
failures were not simulated and additional studies are needed to obtain the
proper stabilization networks for optimum performance, For the greatest
depth of failures without any program modifications, the maximum contribu-
tion steering law could be used for HEAO with a magnetic system utilized for
continuous momentum management,

Without magnetics and requiring at least one orbit of CMG control
prior to RCS dumping, a sufficiently large momentum cnvelope must be
available for control during attitude hold modes. Over extended periods
between dumps, the CMG gimbal angles and stored momentum become large,
hence, cross coupling and nonlinear terms in the Buler equations can produce
significant pointing errors, Only the pseudo inverse and H-distribution
steering laws permitted full utilization of the CMG potential without unde-
sirable side effects. Moreover, either law provides growth potential for
greater pointing accuracies than is required for HEAO., But since the pseudo
inverse also provides fail operational capability for one CMG out, without
reprogramming, it is recommended for use on HEAO with a RCS used for
periodic momentum management.

In general with disturbance torques acting on all three axes, gyro
hang-up was not cncountcred using pscudo inverse steering, However, an
increase in pointing crrors was observed whenever the gimbal angles were
near a gyro hang-up or singular condition. With the pscudo inverse steering
law as implemented, gyro hang-up also corresponds to singularity. An
alternate implementation of the pseudo inverse steering law is possible that
will completely remove singularitics although internal hang-up conditions can
still be encountered. None of the laws simulated were designed to avoid hang-
up. However, the BECO law looks promising, although additional work is
required to prove its worth., As used in this report, singularities are a
mathematical occurrence which is inherent to a specific steering law formu-
lation. Whereas, gyvro hang-up is o physical orientation of the gimbal
positions which prevents the desired torque from being produced. Currently,
it appears that only about 50 to 60 percent ol the total momentum envelope of
single gimbal CMGs is usable hefore cncountering a possible hang-up
position. Much more research is needed to understand and devisce ways of
avoiding gyro hang-up conditions and is outside the scope of this report.
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